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ABSTRACT

Two-stage bandit-based algorithms have found widespread applica-
tion in modern online platforms, offering a balance between cost
and accuracy. The initial stage involves coarse filtering of a small
candidate set of promising items from a large corpus, while the
subsequent stage refines the selection and presents a single item to
the user. In this work, to the best of our knowledge, we for the first
time undertake a theoretical analysis of the two-stage stochastic
multi-armed bandit problem. Specifically, we model the two-stage
bandit problem as a two-stage online optimization, and conduct a
theoretical analysis. We demonstrate that while the optimization ob-
jective of the first stage may seem intuitive, it is, in fact, non-trivial.
We devise a proxy optimization objective, emphasize the impor-
tance of a carefully designed exploration strategy, and establish the
theoretical analysis for the application of Upper Confidence Bound
(UCB)-based algorithms in the first stage. Furthermore, we provide a
regret analysis of the proposed two-stage bandit algorithm, demon-
strating a gap-dependent upper bound of O(% log nA?%), where A
is the largest reward gap, and a gap-independent lower bound of
Q(+/n), where n represents the horizon.
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1 INTRODUCTION

Online platforms have gained widespread adoption in industry,
such as recommendation systems and online advertising [4, 11, 20].
The primary objective of these online platforms is to select a single
or several items presented to the user, aiming to maximize Key
Performance Indicators (KPIs) such as Click-Through Rate (CTR),
Conversion Rate (CVR), etc. Bandit algorithms [18, 19] are widely
deployed to the scenarios, where the online platforms do not know
user’s preference over items, and would like to explore and exploit
this information to provide personalized services.

To tackle the challenge of recommending personalized items
from an extensive collection of corpus within a constrained re-
sponse time, the two-stage service paradigm [4, 11, 20] has gained
widespread adoption by online platforms. In this two-stage architec-
ture, the first stage serves to coarsely filter a candidate set of items
from a large corpus, while the second stage refines the selection,
further selecting one item from the candidate set to the user. To
mitigate computation overhead, the models in the first stage are
designed to be lightweight to make a trade-off between the com-
putational complexity and the accuracy [2, 22, 29]. To guarantee
the system performance, a more sophisticated model in the second
stage delivers precise KPI predictions, and the item with the high-
est estimated KPI in the candidate set is recommended to the user.
However, these works lack theoretical analysis of the performance
guarantee in this new two-stage architecture. A line of recent works
on two-stage systems has primarily focused on mobile computing
applications, such as on-device recommendation systems and on-
device machine learning applications [9, 32]. Aiming to address
privacy concerns and reduce response latency, the first stage on
the cloud only observes the partial features of the items, where
the unobserved features are viewed as the user’s privacy, and the
second stage on the device observes all the features, representing
constraints on computation overhead and privacy concerns [26].

In this work, we analyze the performance of the two-stage online
platform in stochastic bandit learning. Specifically, we consider a
two-stage stochastic bandit problem with k arms. At time ¢, the first-
stage bandit algorithm filters a candidate set S; containing h arms.
Subsequently, the second-stage bandit algorithm further selects
one arm, and observes the corresponding reward. This procedure
repeats for n rounds, and the target of the bandit algorithm is to
maximize the cumulative reward.

The first challenge of solving the two-stage stochastic bandit is
the design of the first stage. Specifically, since the primary objective
of the classical bandit algorithms focused on the result of the second
stage, the first stage lacks consideration. In this work, we show that
the optimization objective of the first stage is intuitive but non-
trivial. We observe that the goal of the first stage is to include the
best arm in the candidate set, formulated as an indicator function.
However, this formulation cannot be directly optimized, because
the online platform lacks the knowledge of which arm is the best.
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Thus, we need to design a proxy optimization objective for the first
stage. The difficulty of designing the proxy objective lies in the
requirement of balancing exploration and exploitation. Specifically,
we illustrate the necessity of designing a proper proxy objective by
constructing counterexamples, where the regret scales with O(n).

The second challenge arises with the regret analysis of the two-
stage stochastic bandit algorithm. Specifically, the challenge lies in
the analysis of the first stage, compared with the regret analysis
of the classical single-stage bandit algorithms. The crux of the
regret analysis is bounding the probability that the optimal arm
is selected into the candidate set for the second stage. This event
can be decomposed into O((ﬁ)) sub-events, making it difficult to
formulate and bound its probability.

We propose a new two-stage stochastic bandit algorithm to ad-
dress the first challenge. Specifically, the optimization objective of
the first stage is designed to maximize the probability of the event
that the best arm is chosen to the second stage. Then, we propose
UCB-SR (Algorithm 1) and UCB-LR (Algorithm 2) to tackle this
problem. Specifically, UCB-SR is designed for a special case where
the first stage has no access to the feature vectors, while UCB-LR is
designed for the general case where the first stage observes some
partial feature dimensions. Our algorithms select 4 arms with the
largest UCBs out of the total k arms in the first stage, and play the
arm with the largest UCB in the second stage. Then, we establish
the regret analysis for the upper bound of our proposed algorithms
and the lower bound of this problem. For the second challenge,
we relax the probability of the combination of the sub-events by
jointly considering all the events that a sub-optimal is played, so
that we adopt the two-stage stochastic bandit analysis to the exist-
ing regret analysis framework [18]. We prove a sublinear bound of

O (klog (yn)) + Ry(n, h), where y = ([12;11]) - (k= h), and Ry(n, h)
2

is the regret of a bandit algorithm with h arms in horizon n. Regard-

ing the lower bound, we demonstrate that the problem can achieve

Q (\[ @) regret.

To summarize, our major contributions in this work include:

e We for the first time touch the two-stage stochastic bandit
problem, and theoretically analyze the optimization objective
of the first stage, demonstrating the impossibility of directly
optimizing the objective. We design a proxy optimization
objective that makes it possible and efficient for the online
platform to optimize.

e We propose two algorithms, UCB-SR and UCB-LR, to solve
the two-stage stochastic bandit problem, and establish the
regret analysis. We prove an upper bound of O(logn) for
our algorithm and a lower bound of Q(+/n) for the problem.

e We validate our proposed algorithms through experiments
on both synthetic and real-world data, with results aligning
well with our theoretical claims. The regret of UCB-LR is
83% less than the UCB algorithm with random selection in
the first stage.

2 PRELIMINARIES

In this section, we introduce the modeling of the two-stage online
platform (Sec. 2.1), and formulate the corresponding problem of
two-stage stochastic bandit (Sec. 2.2).
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2.1 System Modeling

We model the two-stage online platform in the bandit setting. Gen-
erally, an online platform would like to select one item with the
largest estimated KPI (such as CTR [34] and CVR [23]) from a large
item set to the user, and observes the realized KPI through the
user’s feedback. If the KPIs are not known to the online platform
in advance, this problem can be modeled as a linear stochastic ban-
dit problem [19], in which every item is represented as an arm,
and selecting an item is viewed as pulling the corresponding arm.
The online platform interacts with the user for several rounds, and
learns the KPIs using the feedback. The goal of the online platform
is to maximize the cumulative reward, e.g., maximize the number of
clicks within a given horizon. Specifically, at the beginning of round
t within a finite horizon n, the learner is given the arm set A; C R4
where d is the dimension of the arm’s feature, and |A;| = k, from
which it chooses an arm a; € Ay, and receives the reward as

Xe =(0",ar) + e, (1

where €; is a random noise with zero mean, and 6* € RY is the
linear coeflicient which captures the relation between the item’s
feature a; to its corresponding reward. The 0* is fixed but unknown
to the online platform. Without loss of generality, we denote y; as
the expected reward of the arm i and ji; as the empirical mean. The
regret is defined by

n n
R(n, h) =E[ max (6", ar) - xt], @
where the expectation is with respect to the selected arms ay, . . ., an

and the corresponding noise €, . .

The motivation behind splitting the bandit problem in online
platform into two stages stems from the computational costs as-
sociated with linear stochastic bandits. Computing the upper con-
fidence bound, denoted as fi;, involves evaluating the expression

[i + oy laiT(VtTVt +1;)~la;, where a; is the feature vector of arm i,

Vi=3! ala; € R™%4_ ¢ is a hyper-parameter, and I; € R9%4
denotes an identity matrix. Computing f; is computationally in-
tensive due to the matrix multiplications and inversions involved.
Furthermore, in the online platform, we usually have a large corpus
of items (around billion-scale [28]), Hence, a two-stage retrieval
procedure is employed to alleviate the computational overhead.
Specifically, the first stage with an acceptable computation over-
head algorithm to coarse-grained filter a small candidate set from
the whole item set. The second stage is to select one item out of
the candidate set. The first stage alleviates the high computation
overhead, while the second stage ensures a high selection accuracy.

Before formulating the two-stage bandit problem, we discuss
the objectives of the two stages in detail. The second stage can be
viewed as a vanilla one-stage bandit that selects one item within
the candidate set from the first stage to get the largest accumulated
reward. Thus, the objective of the second stage can be modeled as
minimizing the cumulative regret, the same as the vanilla linear
stochastic bandit. In contrast, the objective for the first stage is
different. In round ¢, if the first stage fails to filter the best arm into
the candidate set, the whole system will incur a constant regret,
irrespective of the algorithm applied to the second stage. On the
contrary, if the best arm is filtered into the candidate set, whether

. €n.
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the best arm can be finally chosen depends on the second stage.
Thus, as long as the best arm is filtered into the candidate set, we
can conclude that the first stage succeeds.

2.2 Problem Formulation

We formulate the problem of two-stage bandits in the online plat-
form. In the first stage, the player selects h candidate arms out of
all the k candidate arms as the arm set for the subsequent stage. In
the second stage, the player evaluates the h candidate arms, and
pulls one of them. The problem can be formulated as a two-stage
online optimization problem within a horizon n, such that:

n

max Xz, (3)
a,€S; =
st. St = argmax 7(S), Vtel[n], 4)

SCA,|S|=h
where 7;(+) is the optimization objective of the first stage at time t.
As discussed above, the goal of the first stage is to ensure that the
optimal arm aj is contained in the selected set S;, and thus:

7(S) =1(a; €9). ©)

We note that the optimal solution of Equation (5) is not unique.

We explain the above problem formulation from the perspective
of the two-stage bandits in detail. First, we consider the objective
of the second stage, which is to maximize the cumulative reward
(the sum of the observed reward x;) of the pulled arms, subject to
the constraint of the arm set selected by the first stage. Next, we
consider the first stage, where Equation (4) shows that the objective
of the first stage at time ¢ is to maximize a set indicator function
7+(-) under the cardinality constraints.

3 TWO-STAGE BANDITS

In this section, we discuss the design of two-stage bandit algorithms.
Specifically, in Sec. 3.1, we consider the setting where no features
are available for the first stage. In Sec. 3.2, we consider the case
where the first stage can see several dimensions of the feature
vector.

3.1 Two-Stage Bandit with Stochastic Retrieval

In this subsection, we examine a simplified scenario of the two-
stage bandit. Assuming no features are available for the first stage,
we can regard the first stage as a stochastic bandit problem under
tabular setting [18] and name it as stochastic retrieval.

Before introducing the detailed method for the first stage, we
emphasize the importance of exploration in the first stage. Firstly,
we show that exploration in the first stage is necessary by providing
a counterexample. Suppose that the first stage selects the items
with the top-h estimated reward. When there are h different arms
pulled, the first stage will no longer select the other arms into the
candidate set, since only the selected h arms have means greater
than 0. Thus, the lack of exploration in the first stage leads to a linear
regret. Next, we show that a carefully designed exploration strategy
is necessary by providing another counterexample. Suppose the
first stage selects candidates by uniformly sampling the arms. The
probability of the optimal arm being chosen into the candidate set
is a constant in every round, denoted by P. Thus, the regret of this
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Algorithm 1: Two-Stage UCB with Stochastic Retrieval
(UCB-SR)
Input: T; =0, 0 =0, gio =0, Vi€ [k];
Output: The selected arms;
1 fort —1,...T do
St argtop_h({firs—1,. ... finr-1});
i « argmax;e s, LinUCB(A;);

Play arm i and observe X; t;
for j € S; do
Tj — Tj +1;
if j =i then
| fie = (T X fiip—1+Xi0) [ (T; + 1);

_ o 2log(T)
9 fjt < R+ —%( ;

[T - S B

10 return i;

algorithm is at least Q (ApinPn), where Apjy is the smallest gap
between the optimal and sub-optimal arm, indicating linear regret
with respect to the horizon n.

Next, we delve into the design of the exploration method to
maximize Equation (5) of the first stage. We revise the optimization
objective of the first stage. It is challenging to directly optimize
Equation (5) since the bandit player only observes the feedback
and cannot know exactly whether the pulled arm is optimal or not.
However, the player can be sure about whether an arm is optimal
after several rounds with a high probability. Thus, it is possible to
introduce a proxy optimization objective whose maximizer is also
a maximizer of Equation (5) with a high probability. For simplicity,
we assume that all noise ¢; is sampled from N (0, 1). Let r; be the
stochastic reward of arm i, and E denote the event that the best
arm is in the candidate set. Let E€ as the complementary event of E
(formal definition will be given in Section 4.1). Maximizing P(E) or
minimizing P(E€) can be viewed as maximizing the probability of
7(S) =1 in Equation (5).

However, computing P(E€) or P(E) requires much computa-
tional burden and it is necessary to be simplified. We note that
P(E€) does not equal [];c s P(r; < max;c\;7;) due to the lack
of independence among the event {r; < max;¢ #\;r;} for all the
arms. To avoid the computational burden of enumerating all event
combinations, we introduce a hyper-parameter v and consider
events H; = {r; < o} for all items, ensuring the independence
of these events. We then focus on the probability [];c s P(r; <) =
[Ties CDFno,1) (U;—:u’) which decreases with v. Setting v to be
the second-largest value among all y;, to minimize [[;c s P(r; < v)
is equivalent to maximizing the RHS of Equation (5). Since the
second largest of y is unknown to the online platform, we need
more assumptions for further analysis. Specifically, we assume that
r; for all the arms have the same variance. Under this assumption,
the S* = arg ming [];c s P(r; < v) remains constant for any value
of v, which will be proved in Appendix B.1. So in the following
analysis, we assume o is fixed.

Then, we clarify the optimization objective of the first stage. The

probability P(u; < 0) can be estimated by CDF (g 1) (u ) Then,

0,
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considering CDF is non-negative and non-decreasing, minimizing

[Ties CDFnqo,1) (D;—:u’) is equivalent to minimizing

F(S) = [ | CDFwon) (u) , Yied, |S|=h.  (6)
ieS ai
However, real applications have complex structures of the envi-
ronment, and require bandit algorithms to be flexible in tuning
the trade-off between exploration and exploitation [6], but Equa-
tion (6) lacks flexibility and can hardly be tuned when using it as the
first stage optimization objective. Specifically, compared with the
vanilla UCB algorithms which can use hyper-parameters to scale
the weight of the upper bound and tune the level of exploration, the
level of exploration by optimizing Equation (6) cannot be manually
tuned. Thus, we need to modify Equation (6) towards the UCB-style.
Let U;—lﬂl = a, v = I + a6;. Since Equation (6) indicates a smaller
would like to be selected to the second stage, for a fixed v, an arm
with larger fI; and 6; is more likely to the selected. Thus, in practice,
we set a to be a constant, and an arm with larger /i; + a6; is more
likely to be selected, which is also known as the upper confidence
bound f; in bandit literature.

Based on the above discussions, we introduce another formula-
tion that is easier to optimize to replace Equation (6), such that:

F(S) = Z i+ a6, YieS.
ieS

@)

It is worth noticing that optimizing Equation (7) is equivalent to
finding the top-h UCBs at time t. The optimality of Equation (7)
will be discussed in the following section.

Finally, we present Algorithm 1 to address the two-stage bandit
with stochastic retrieval, which can be viewed as the combination
of a stochastic bandit for the first stage and a linear bandit for the
second stage. Line 2 applies top-h selection on the estimated UCBs
to select a set of arms as the arm set for the subsequent second
stage. Line 3 indicates that we employ a classical bandit algorithm,
for example, LinUCB, for the second stage. Lines 5-9 describe the
update procedure for the first stage. After observing the reward
of the pulled arm i from the second stage, the first stage updates
the empirical mean of arm i and updates the UCBs of all the arms
in S;. Updating the UCBs of the unpulled arms in S; encourages
exploration on the other arms outside S;.

3.2 Two-Stage Bandit with Linear Retrieval

In this subsection, we examine a general case in which the first
stage has access to several dimensions of the arm feature vector.
Since in Section 2, we assume that the expected reward is generated
by a linear model, we apply a linear model in the first stage to
retrieve arms. Thus, we name the first stage in this scenario linear
retrieval.

We introduce Algorithm 2 tailored to address the linear retrieval
scenario. In essence, Algorithm 2 is the fusion of two linear bandit
algorithms. Specifically, in Line 2, we select the top-h arms based
on the UCBs, which will be analyzed in Section 4.2. Line 3 denotes
the application of a linear bandit algorithm for the second stage.
Lines 5-9 outline the update procedure of the linear bandit for the
first stage after observing the feedback from the second stage. It
is noteworthy that, unlike Algorithm 1, Algorithm 2 updates the
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Algorithm 2: Two-Stage UCB with Linear Retrieval (UCB-
LR)

Input: éc,O =0, ée,() =0, VC,() = Ve,() =l

Output: The selected arms;
1 fort < 1,...Tdo

2 S —
top_h ({67 +upi,. .., 0! + ;
arg top_| ci—19c1 tULir - Uy Ak T Uk )
3 [ « argmax;eg, LinUCB (ae,,', éi_1);
4 Play arm i and observe X t;
5 Acr — acr, Xr — Xip
6 Vc,t = Vc,t—l + ac,iazi;
7 Oct — Vc}l Zé:l AcsXs;
8 for j € [k] do
9 L Upt1,j < ||ac,j||VC*tIV210g(T);
10 return i;

UCBs of all arms after a single round of play, and the size of the
UCB is implicitly represented in Line 9.

4 REGRET ANALYSIS
4.1 Upper Bound of Algorithm 1

In this subsection, we present the regret upper bound for Algo-
rithm 1 ofO(% log nA?), where A is the maximum reward gap. Prior
to presenting the result, we establish the optimality of the proxy
optimization objective for the first stage, as defined in Equation (7).
This is achieved by demonstrating that the maximizer of Equa-
tion (7) is also a maximizer of Equation (5) with a high probability.
Subsequently, leveraging this high probability, we decompose and
relax the regret to derive an upper bound. In the following analysis,
without additional explanation, all the mathematical notations are
relevant only to the first stage. In this section, only the sketch of
the theoretical analysis is provided and please refer to Section A.1
for detailed proofs.

Firstly, we establish the optimality of Equation (7) as a proxy
optimization objective for the first stage. To ease the analysis, we
define several events that are crucial to the regret.

DEFINITION 1. Let F; be the ‘good’ event for the sub-optimal arm
i defined by F; := {ﬁi,ui < ;11}, where [i; y; is the UCB of the arm i
after u; times of play, and u; € [n] is a constant to be chosen later.

If F; were true, it would indicate that arm i is not over-estimated
after pulled for u; times. Following the idea of this definition, we
define the good event for all the sub-optimal arms.

DEFINITION 2. Let F be the ‘good’ event for all the sub-optimal
arms defined by F = {VT CA{(ILITI2h3ieT, iy < ;11}.

If F were true, it would be indicated that there are at most h — 1
arms over-estimated after pulled for u; arms, respectively. Then,
we consider the estimation condition of arm 1 and put everything
together.

DEFINITION 3. Let E be the “good" event for the whole environment
defined by E := {yl < minge[p) ﬂl,[} AF.
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If E were true, it would be indicated that the arm 1 is not under-
estimated and there are at most h — 1 sub-optimal arms are over-
estimated, such that the arm 1 would be selected into the candidate
set. In the following analysis, we aim to demonstrate two key points:

1. If E occurs, then the event that a sub-optimal arm is pulled
will happen at most T(n) < (k — 1)@ times.
2. The complement event E€ occurs with low probability.
In the following analysis, we denote the times that arm i till round
n is pulled by T;(n).

LEMMA 1 (BOUND OF THE PROBABILITY OF E€). Under the as-
sumption that the reward of each arm follows an 1-sub-Gaussian
distribution, the probability of the event E€ is upper bounded by

ithc?A?
2 )

P(E®) < né; +yexp (— (8)

where y = (rg]) - (k= h), & = max;c 4 u; and A = max;c 4 A;.

Lemma 1 indicates that P(E®) decreases with @. After choosing
a proper i, this result will indicate that the bad event E° happens
with a low probability with respect to the horizon n.

Before proving the first claim, we show that if the first and
second stage model were asked to select the best one arm, it is less
possible for the second stage model to give a wrong answer. We
will demonstrate this by showing the variance of in-sample error
of the linear regression model.

LEMMA 2 (VARIANCE OF IN-SAMPLE ERROR OF LINEAR REGRES-
SION). Suppose y is a vector of 1-sub-Gaussian variables and A has
full rank. If more labels of one feature vector are sampled in the train-
ing set, the variance of the prediction error of this vector is reduced.

An intuitive interpretation of Lemma 2 can be drawn from the
bias-variance trade-off perspective. Duplicating a feature vector
introduces additional information to the training set, yet the models
trained on both pre-duplicated and post-duplicated data remain
unbiased. Thus, duplicating the feature vector intuitively aids in
reducing the variance. Another interpretation of Lemma 2 is that
compared with unstructured stochastic bandit, arms with features
will reduce the variance of estimated mean. This lemma indicates
that it is easier to train the second stage model since arm features
are available, and it will help us bound T(n) in the appendix.

Then, we prove the first claim.

LEmMA 3. IfE is true, the event that a sub-optimal arm is pulled
will happen at most T(n) < 2(k — 1)a times.

Next, we decompose the regret into two terms to bound them
separately. This decomposition is rooted in Lemma 1. As demon-
strated in the lemma, E€ occurs with a bounded low probability, and
conversely, E occurs with high probability. By relaxing P(E) — 1,
we establish that the corresponding regret is upper-bounded by
the regret of the second stage. Therefore, the subsequent analysis
focuses on cases where the first stage fails to retrieve the best arm.

LEMMA 4 (REGRET DECOMPOSITION). Consider Algorithm 1 on a
stochastic bandit instance with k arms and 1-sub-Gaussian rewards.
For a horizon n, with probability at least (1 — 1 — 02), the regret
R(n, k) satisfies:

R(n.k) < A~ (2(k = 1)@ + P(E)n) + Ry(n, h),
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where R (n, h) is upper-bounded with probability 1 — ;.

Then, by putting Lemma 1 and Lemma 4 together, we derive the
regret of both Algorithm 1.

THEOREM 1 (REGRET UPPER BOUND OF ALGORITHM 1). Consider
the two-stage bandit algorithm presented in Algorithm 1 applied to
a k-armed 1-sub-Gaussian bandit problem. For a horizon n, with

probability at least (1 — n—lz — &2), the regret is bounded by
16(k — 1 hA? -
Reny < 2 =D (1 4o (A ))& 2k = 1A + Ry(n, 1)
hA 16(k — 1)

T2 75
T

©)

where Ry(n, h) is the regret of a h—armed bandit algorithm with
horizon n, and y = (f&;}?) - (k—h).
2

Then, we discuss the implication of Theorem 1. Theorem 1
demonstrates that the regret increases with both k and k — h. This
aligns with the intuition that if more items were available, it would
be hard to find the best item, and if fewer items were retrieved,
there would be a higher likelihood that the most preferred item
remains unexplored, contributing to a larger regret.

Furthermore, we delve into the regret upper bound. 73 is irrele-
vant with h. 73 < 8+/nhlog(n) + 3hA according to [18]. By relaxing
the log term in 77, there is 71 + 73 < 8+/nhlog(n) — (y'nA — 3A)h,
where y’ = (rlfc;_ll]). Then, with reasonable k and n, the worst
W= 16nlog(n_) :

(y'n-3)2A%
that when there is enough time and arms to explore, it is better to
employ a larger h to avoid a high regret when the second stage can
support more than A’ arms.

is decreasing with k and n. This result indicates

4.2 Upper Bound of Algorithm 2

In this subsection, we modify the analysis in Section 4.1 to the
linear retrieval case in Section 3.2. Before analysis, we assume that
the arm vector is bounded.

ASSUMPTION 1. The I-norm of the arm vector, i.e. the feature
vector, is bounded.
llall2 < L.

Firstly, we demonstrate that the retrieval stage with a linear
regression model can be conceptualized as a stochastic unstructured
bandit problem with arms having varying variances. We consider
the prediction error of the offline linear regression model on a
sample drawn from the training set. Suppose that x = A0* + ¢,
where € is zero-mean Gaussian noise with unit variance, 6 € Rd,
and A € R4 is the combination of arms in a linear bandit instance.
Without loss of generality, we assume that A is a full rank matrix.
Then we derive the concentration of the prediction error.

LEMMA 5. Under Assumption 1, the prediction error of a sample
out of the training data set can be bounded by
,% 2162
Ple(a,x;t) > 8) < e ANWXTWhal < o757 (10)
where Ay = UtZtWtT by SVD and A; is the stack of previously

pulled arm vector till t, and ZI is the pseudo-inverse of 2y, e(a, x) =
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A T
(9 - 9*) a, and t is the number of training samples with t > d, and

A is the smallest eigenvalue of ATA with A > 0, and A is the stacked
matrix of all the arm vectors.

Lemma 5 shows that we can transform the linear bandit prob-
lem into a stochastic bandit style with varying reward variances.
Specifically, each arm a; in the bandit instance follows the Gauss-

ian distribution N (G*Tai, ||(UtZITWtT)a| |§) , and the mean is fixed
but the variance is varying. We will provide the relationship be-
tween the smallest eigenvalue of A; and A in Section B.1. Thus, we
can consider linear retrieval as a specific type of stochastic bandit,
which will be analyzed in Section 4.2.

THEOREM 2 (REGRET UPPER BOUND OF ALGORITHM 2). Consider
the two-stage bandit algorithm presented in Algorithm 2 applied to
a k-armed 1-sub-Gaussian bandit problem. For a horizon n, with
probability at least (1 — # — 82), the regret is bounded by

8(k —1)L?
hAA

(1 +log (%)) +(2k — DA + Ry (n, h),

where Ro(n, h) is the regret of a h—armed bandit algorithm with

R(n) <

horizonn, y = (rlfc;_ll]) - (k — h), and A is the smallest singular value
2

of the matrix V = AT A.

4.3 Lower Bound

In this subsection, we establish the minimax lower bound for our
two-stage bandit problem. The underlying principle for proving
the lower bound involves constructing two bandit instances that
share similarities but possess distinct optimal arms [18]. In such
scenarios, distinguishing between instances from a finite-length
sequence becomes challenging. This challenge arises from the na-
ture of the problem settings rather than the characteristics of the
algorithms employed. Through employing rigorous mathematical
techniques, it becomes feasible to derive the lower bound for the
sum of cumulative regrets in these two instances. Consequently,
we obtain the lower bound for the regret of the two-stage bandit
problem. In the subsequent analysis, we adhere to this fundamental
approach to introduce and establish the lower bound.

Firstly, before deriving the regret lower bound, we introduce the
divergence decomposition lemma [18].

LEMMA 6 (DIVERGENCE DECOMPOSITION [18]). Letv = (Py,...,Py)
be the reward distributions associated with one k-armed bandit, and let
vV =(P,..., P]’c) be the reward distributions associated with another
k-armed bandit. Fix some policy = and let P, =Py and Py =Py
be the probability measures on the canonical bandit model induced by
the n-round interconnection of v and r, (respectively v’ and ). Then,

k
D(Py,Py) = ) Ey[Ti(n)|D(P;, P}).
i=1
Lemma 6 suggests that the relative entropy between measures
in the canonical bandit model can be decomposed as the sum of
divergences between the reward probabilities of each arm.
Next, with Lemma 6, we show that the regret of the two-stage

bandit problem is at least Q (\/nk/h).
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THEOREM 3 (MiNIMAX LOWER BouND). Letr € [0, 1], then for

any policy:
1 [2n(k-1)
R(n) > ﬂ‘,—eh +Ra(n, h),

where Ry (n, h) is upper-bounded of the second stage.

The proof of Theorem 3 is given in Section B.2. Theorem 3
demonstrates that the regret increases with k and decreases with
h. This aligns with the intuition that if fewer items are retrieved,
there is a higher likelihood that the most preferred item remains
unexplored, contributing to an increase in regret.

5 EVALUATION
5.1 Synthesis Data

5.1.1 Setup. We establish an environment with k = 100 arms,
where each arm’s context is a de = 10 dimensional vector, and
rewards are generated from Gaussian distributions. Specifically, we
randomly generate an arm matrix A € R™*% with full rank and
create a target model 6. The reward for arm i is sampled from
a Gaussian distribution N(@*Tai, 0.1). For the first-stage features,
we extract the first d; = 5 dimensions of A, forming a matrix A. €
R190%5 The experiment is conducted with a horizon of n = 1000,
and the results for each setting represent the average over 100
independent experiments.

To compare the regret between one-stage and two-stage algo-
rithms, we choose LinUCB and e-Greedy as the second-stage al-
gorithms. For the first stage, we select LinUCB, e-Greedy, and uni-
formly random selection. We fix h = 5 for each two-stage algorithm.
In this experiment, € = 0.1 for all e-Greedy implementations, and
A = 0.01 for all LinUCB implementations.

To assess the impact of h on the cumulative regret of Algorithm 2,
we vary h from {5, 10, 15, 20, 25} while keeping other settings con-
sistent with the previous experiment.

To illustrate the necessity of exploration strategy, we design an
experiment based on two-stage e-Greedy by tuning the € of the
first stage while fixing € = 0.1 for the second stage. We select €
from {0.01,0.05,0.1,0.2,0.4,0.6,0.8}.

5.1.2  Results and Discussion. Figure 1a depicts the regret of various
one-stage and two-stage bandit algorithms on the synthetic data.
The legend in Figure 1a follows the format "first stage algorithm +
second stage algorithm" Solid lines represent two-stage algorithms
with conventional bandit algorithms on each stage, dashed lines
denote results with the first stage replaced by the uniformly random
selection method, and dash-dot lines depict conventional one-stage
bandit algorithms serving as the baseline. Comparing solid lines
with corresponding dashed lines reveals that random selection in
the first stage boosts performance, highlighting the importance
of exploration strategy at the first stage. Furthermore, comparing
solid lines with dash-dot lines indicates that, for LinUCB methods,
the two-stage algorithm has a larger cumulative regret than the
vanilla one-stage algorithm. Conversely, for e-Greedy methods,
employing LinUCB in the first stage results in a better performance
for the two-stage algorithm compared to the one-stage algorithm,
showecasing the superior performance of LinUCB over e-Greedy.
Figure 1D illustrates the regret of Algorithm 2 with varying h.
Red and green dashed lines represent the theoretical upper and
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—— LinuCB + Linucs P
1201 -~ Random + LinUCB 410
Lnuca L
100| — LInUCB + e-greedy 408
- Random + £-greedy -

80| —~ edgreedy

800 1000 00 02 04 056 038 10
Time. B

(a) Regret comparison among al-
gorithms.

(b) Regret of two-stage bandit
with €;-Greedy + €;-Greedy.

Figure 2: Evaluation results on MovieLens 1M dataset.

lower bounds, respectively. Generally, the regret decreases with
increasing h, since a larger h makes it more likely for the best arm
to be filtered into the candidate set by the first stage.

Figure 1c emphasizes the significance of exploration strategy at
the first stage using e-Greedy + LinUCB. When ¢ is too large, exces-
sive exploration occurs, causing the first stage to uniformly select
arms and making it less likely to filter the best arm into the candi-
date set, resulting in a large cumulative regret. Conversely, when e
is too small, the first stage model tends to be stuck, overfitting on
noisy samples in the initial rounds and missing the best arm. The
comparison between these two extreme cases underscores the im-
portance of setting an appropriate € for the first stage, highlighting
the significance of exploration strategy in this context.

5.2 MovieLens 1M Dataset

5.2.1 Setup. We use the ratings of MovieLens 1M dataset to con-
struct the environment for bandit. The ratings data can be refor-
mulated as a big sparse matrix RN N2 with missing values where
Rij € [0,1] denotes the rating of user i to movie j. Then we apply
PMF [25] to complete and factorize A into UMT where U € RN1%de
and A € RN2Xde_Each row of A is viewed as the feature vector of
a movie and each row of U is viewed as the target model of the
corresponding user.

We run the experiment on the first 10 users with the most number
of ratings in the original dataset. For each user, we independently

57

repeat the experiment with a horizon of n = 1000 for 100 times
with random initialization and average the results. We set d. = 32
for the data preparation. For the first-stage features, we extract the
first d. = 16 dimensions of A.

To compare the regret between one-stage and two-stage algo-
rithms, we choose LinUCB and e-Greedy as the second-stage al-
gorithms. For the first stage, we select LinUCB, e-Greedy, and uni-
formly random selection. We fix h = 20 for each two-stage algo-
rithm. In this experiment, € = 0.1 for all e-Greedy implementations,
and A = 0.1 for all LinUCB implementations.

To illustrate the necessity of exploration strategy, we design an
experiment based on two-stage e-Greedy by tuning the € of the
first stage while fixing € = 0.1 for the second stage. We select e
from {0,0.2, 0.4, 0.6,0.8, 1}.

5.2.2  Results and Discussion. Figure 2a illustrates the regret of
various one-stage and two-stage bandit algorithms on the synthetic
data. The comparison between solid lines and corresponding dashed
lines reveals that random selection in the first stage enhances per-
formance, underscoring the importance of exploration strategy at
the first stage. Furthermore, contrasting solid lines with dash-dot
lines indicates that, for LinUCB methods, the two-stage algorithm
has a larger cumulative regret than the vanilla one-stage algorithm.
Conversely, for e-Greedy methods, utilizing LinUCB in the first
stage results in better performance for the two-stage algorithm
compared to the one-stage algorithm, highlighting the superior
capabilities of LinUCB over e-Greedy.

Figure 2b accentuates the significance of exploration strategy
at the first stage using two-stage e-Greedy. When e is too large,
excessive exploration occurs, causing the first stage to uniformly
select arms and reducing the likelihood of filtering the best arm
into the candidate set, resulting in a substantial cumulative regret.
Conversely, when € is too small, the first stage model tends to
become stuck, overfitting on noisy samples in the initial rounds and
missing the best arm. The comparison between these two extreme
cases underscores the importance of setting an appropriate € for
the first stage, emphasizing the significance of exploration strategy
in this context.
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6 RELATED WORK
6.1 Two-Stage Recommender System

Two-stage recommender systems have found widespread applica-
tion in industries such as YouTube [4] and Pinterest [20]. In this
setup, the first stage filters a candidate set with high precision, gen-
erally deemed relevant to the user, while the second stage ranks the
items for optimal display. Various traditional methods are employed
in the first stage, including collaborative filtering and matrix factor-
ization [5, 25], as well as content-based filtering [27]. Lightweight
designed deep neural networks are also utilized for candidate set
generation [33].

An emerging trend is the deployment of recommender systems
on both cloud and edge collaboratively, aiming to reduce cloud re-
source consumption, latency, and preserve privacy [32]. Alibaba in-
troduced EdgeRec [9], a real-time edge recommender system for the
reranking stage. Yao and Wang et al. [31] presented DCCL, a frame-
work for large-scale on-device recommendation model personal-
ization. Yang et al. [30] addressed the challenge of on-device mod-
els getting stuck when user interests undergo significant changes.
Gong et al. [8] deployed a compact ranking model on devices to
capture real-time feedback.

Several theoretical works have analyzed the performance of two-
stage recommender systems under different settings. Hron and
Krauth et al. [14] considered a different two-stage bandit model
where there are multiple nominators (players) in the first stage ob-
serving partially overlapped action spaces. The study demonstrated
the necessity of synchronizing exploration strategies between the
ranker (second stage player) and the nominators. However, they
did not provide a theoretical analysis of the regret of two-stage
bandits, which is the main contribution of our work. Hron et al. [13]
discovered that independent nominator training could lead to per-
formance comparable to uniformly random recommendations and
found that careful design of item pools, each assigned to a different
nominator, alleviates these issues. Recent work [15] established the
asymptotic characteristics of the two-stage recommender system,
showing the convergence rate in an offline setting, compared with
the online learning setting of our work.

6.2 Bandit in Recommendation

The application of linear contextual bandits to online recommen-
dation was initially introduced by Yahoo [19] for news recommen-
dation. In this context, a news article is considered as an arm, and
a ridge regression model is trained using the LinUCB algorithm
to estimate the CTR for each article. Subsequent approaches in
industrial systems have incorporated various learning algorithms,
including e-greedy [24], Thompson sampling [3, 12], and others. In
addition to linear models, diverse machine learning models have
been explored, such as leveraging deep neural networks to capture
KPIs and associated uncertainties [7], as well as employing deep
Bayesian models [10].

Another line of research involves understanding user choice
when multiple items are recommended, compared to single-item rec-
ommendation [19]. The cascade model [17] simplifies user choice,
assuming evaluation of items from position 1 to k, clicking on the
first satisfying item. Subsequent works extend this to allow mul-
tiple clicks with satisfaction probabilities [16] and captures CTR
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as the product of user preference and display position scores [35].
Industry practices also focus on designing algorithms for delayed
feedback scenarios [1, 3].

Bandit algorithms find application in the two-stage recommen-
dation framework as well. Apple [21] proposed a two-layer bandit
framework for recommending items on top of search results. A
Lower Confidence Bound (LCB) based method is employed in the
first stage to prevent distracting users from search results.

7 CONCLUSION

In this paper, we delve into the theoretical analysis of the two-stage
multi-armed bandit problem. We conduct a theoretical analysis of
the optimization objective design for the first stage and propose a
UCB-based two-stage bandit algorithm. Our algorithm is proven to
achieve a gap-dependent regret upper bound of O(% log nA?), while
the gap-independent lower bound for this problem is established

to be Q(+/n).

A APPENDIX

Here we provide the missing proofs in the main text!.

A.1 Related Proofs for Theorem 1
To start with, we prove the second claim first. To show that E¢

happens with low probability, we employ the following lemmas to
show that F; and F€ happens with low probabilities first.

LEMMA 7 (BOUND OF THE PROBABILITY OF FJ? [18]). Under the
assumption that the reward of each arm follows an 1-sub-Gaussian
distribution, the probability of the event F]? for sub-optimal arm j is
upper bounded by

272
ujc“A
IP’(FJC-) < exp (— ! J),

where Aj = 11 — i is the gap between arm j and the optimal arm, ¢ €

(0,1) is a hyper-parameter to be chosen later and Aj— . | w >

CAL"

LEMMA 8 (BOUND OF THE PROBABILITY OF {;11 > minge[p] [ll,t} [18]).
Under the assumption that the reward of each arm follows an 1-sub-
Gaussian distribution, the probability of the event F]C. for sub-optimal
arm j is upper bounded by

P ({}11 > min [11!:}) < néy.
te[n]
With Lemma 7 and Lemma 8, we can now derive the bound of
the probability of E€.

Proor or LEMMA 1. First, we decompose the event F€. Since the
F€ indicates that there are at least h arms over-estimated, we enu-
merate all the possible cases such that there are h to k — 1 arms
over-estimated. It is worth noticing that all these cases are disjoint.

!More proof details are provided in https:/drive.google.com/file/d/
1t6Z7VXcZxm4jF2FPdDKIRBDbGHXYP5rT/view?usp=drive_link
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Thus, we can decompose the probability of P(E€) using a sum of
probabilities, such that

k-1
P(F°) = Z

> I]reEn [ a-reE)
i=h jeT,TiCA|Ti|=i jeTi me A\{1\T;
N————
Ty =T,

ac®A%h . ac*A2h
—yexp |-
2 yoexp 2 ’

max ; Eﬂ\{l} P(F ). We obtain the second line by

_(r’i ) k=hy-e

where P (F¢) =
relaxing Ty to 1 since 1-P(F5,) < 1 and take the maximum possible
P(Fj?) to relax T;. The third line is obtained by using Lemma 7, and
then taking the maximum over uj, Aj and the number of combina-
tions. It is worth noticing that # and A may not be corresponded to
the same arm.
By putting Lemma 8 and P(F€) together, we obtain Equation (8).
o

PROOF OF LEMMA 2. Let X denote the training set with distinct
feature vectors, and let a € X be a feature vector. The variance of
the prediction error of a is 0 = IU=TTWT q||2, where a is stacked
into X. Suppose we sample one more label of a in an extended
training set X,.. Then the variance of the prediction error becomes
o = ||U+ZITWE al|?. Assume, for the sake of contradiction, that
0 < oy. This implies trace(z™T) < trace(Z_T_T), leading to [|Z||f >
|I=+||F. Since X; has one more vector than X, ||2||r < |||, which
results in a contradiction. O

ProoF oF LEMMA 3. If E is true, F and {,ul < minge[p) [11,,} are
true. Then there are at least k — 1 — h and at most k — 1 sub-
optimal arms, for example, arm i, such that F; is true. Let G; =
{;11 < mingep] i, t} A Fj. Suppose that there is a single-bandit
instance Wlth the arms A’ C A, {1,i} € A’ and vanilla UCB
algorithm, and it has been proven by [18] that T; (n) < u; if G; is
true where T/ (n) is the times that arm i is pulled in this single-stage
instance. We notice that

T/ (n) = ) 1(a} = i|A),

t=1

Ti(n) = Z L@ e S)l(ar =i|S)(L(1 € Sp) +1(1 € Sp))

t=1

ST/ (m)+ ) 1 € S)l(ar = IIS)L(1 ¢ Sp),

t=1

where the inequality holds because when 1(i € S;)1(a; = i|S;) =
1, the second stage can be viewed as the instance A’. Although
Lemma 5 shows that the variance of the empirical mean of an arm
has a potentially large upper bound for infinitely many arms, in
the bandit instance with fixed finitely many arms, the variance is
still O(1/u;) which can be deduced by Lemma 2. Thus the result
in [18] that when G; happens, the arm i is played for at most u;
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times still holds. Thus,

= ), T
ie A\{1}
<(k-1a+ Z ZIL(ieSt)IL(a,:i|S,)Il(1¢St)
ieA\{1} t=1

n
= (k=Da+ ) 1(1¢8) < 2(k - D,
t=1
where the last inequality holds because when every time the optimal
arm 1 is not in S;, there is a sub-optimal arm played. So the total
times that 1 ¢ S; should not be larger than the times that sub-
optimal arms are played. O

Proor oF LEMMA 4. We denote T(n) by the times that the op-
timal arm is not played in horizon n. Because T(n) < n, this will
mean that

E[T(n)] = E[I{E}T(n)] + E[I{E°}T(n)] < 2(k — 1)u + P(E®)n.

(11)
Similarly, the regret can also be regarded as the composition of the
regret when E occurs and when it does not.

R(n) < > A-T{1 ¢ St} +ra/I{1 € S;} < A-E[T(n)] + Ro(n, h).

=1

(12)
Equation (12) indicates that the regret can be decomposed into two
terms. The first term represents the upper bound of regret when
the first stage fails to filter the best arm into the candidate set. The
second term represents the complementary case. Since the event
that the best arm is in the candidate set should happen with a high

probability, we relax this probability to 1 to ease the analysis.
Substituting Equation (11) in Equation (12), then the result is
obtained. O

Proor oF THEOREM 1. By substituting Equation (8) into Equa-

tion (4), we get
1 2A2
”hczA ))) +Ro(n, h).

R(n,k) <A- (Z(k —-Di+n (n(51 +yexp (—

Leti = [ ooz log (Z’EZizlA)z)] +1,
R(nk) <A- (z(k -1 {h 77 log (i’g:c_zﬁﬂ %)
+Ry(n, h)
< % (1 +lo (Z’(’ZCZA;)) +(2k = 1)A + Ry (n, h)
5, 16(’;A Y (1 + 1og(1éy("khAzl) )) +(2k = 1)A + Ry(n, B).

Then we discuss the probability that the upper bound holds. The
right-hand side of Equation (9) can be viewed as R; + Ry. We denote
the event that R; holds as J; and the event that Ry holds as J,. The
probability of each event is 1 — §; and 1 — 2, respectively. Then
the probability of Ry + Rz holds is P(J2 A J1) =1 -P(J{ V J5) =
1= (PU7) +P(J5)) 21 =61 = 6. o



MobiHoc *24, October 14-17, 2024, Athens, Greece

REFERENCES

(1]

(2]

3

=

[10]

(11

[12]

[13]

[14]
[15]

[16]

[17]

[18]

BENDADA, W., SALHA, G., AND BoNTEMPELLL, T. Carousel personalization in
music streaming apps with contextual bandits. In Proceedings of the 14th ACM
Conference on Recommender Systems (2020), pp. 420-425.

BoRIsYUK, F., KENTHAPADI, K., STEIN, D., AND ZHAO, B. Casmos: A framework
for learning candidate selection models over structured queries and documents.
In Proceedings of the 22nd ACM SIGKDD International Conference on Knowledge
Discovery and Data Mining (2016), pp. 441-450.

CHAPELLE, O., AND L1, L. An empirical evaluation of thompson sampling. Advances
in neural information processing systems 24 (2011).

COVINGTON, P., ADAMS, J., AND SARGIN, E. Deep neural networks for youtube
recommendations. In Proceedings of the 10th ACM Conference on Recommender
Systems (2016), pp. 191-198.

Das, A. S., DATAR, M., GARG, A., AND RajaraMm, S. Google news personalization:
scalable online collaborative filtering. In Proceedings of the 16th international
conference on World Wide Web (2007), pp. 271-280.

Ding, Q., Kang, Y., L1u, Y.-W,, LEg, T. C. M., HsieH, C.-]., AND SHARPNACK, J.
Syndicated bandits: A framework for auto tuning hyper-parameters in contextual
bandit algorithms. Advances in Neural Information Processing Systems (2022),
1170-1181.

EIDE, S., AND ZHOU, N. Deep neural network marketplace recommenders in
online experiments. In Proceedings of the 12th ACM Conference on Recommender
Systems (2018), pp. 387-391.

GonNg, X, FENG, Q., ZHANG, Y., QIN, ], DING, W, L1, B, J1ANG, P., AND GAL K.
Real-time short video recommendation on mobile devices. In Proceedings of
the 31st ACM International Conference on Information & Knowledge Management
(2022), pp. 3103-3112.

GoONG, Y., JIANG, Z., FENG, Y., Hu, B., ZHAO, K., L1y, Q., AND Ou, W. Edgerec:
recommender system on edge in mobile taobao. In Proceedings of the 29th
ACM International Conference on Information & Knowledge Management (2020),
pp. 2477-2484.

Guo, D., KTENA, S. [, MyaNa, P. K, Huszar, F., SH1, W,, TEjaNT, A., KNEIER, M.,
AND Das, S. Deep bayesian bandits: Exploring in online personalized recom-
mendations. In Proceedings of the 14th ACM Conference on Recommender Systems
(2020), pp. 456-461.

HiGLEY, K., OLDRIDGE, E., AK, R., RABHI, S., AND DE SOUZA PEREIRA MOREIRA,
G. Building and deploying a multi-stage recommender system with merlin. In
Proceedings of the 16th ACM Conference on Recommender Systems (2022), pp. 632—
635.

Hivw, D. N, Nassir, H., Liu, Y., IYER, A., AND VISHWANATHAN, S. An efficient
bandit algorithm for realtime multivariate optimization. In Proceedings of the
23rd ACM SIGKDD International Conference on Knowledge Discovery and Data
Mining (2017), pp. 1813-1821.

HroN, J., KrRauTH, K., JOorDAN, M., AND KILBERTUS, N. On component interactions
in two-stage recommender systems. Advances in neural information processing
systems 34 (2021), 2744-2757.

Hron, J., KrauTH, K., JorDAN, M. I, AND K1LBERTUS, N. Exploration in two-stage
recommender systems. arXiv preprint arXiv:2009.08956 (2020).

JarswaL, A. K. Towards a theoretical understanding of two-stage recommender
systems, 2024.

KATARIYA, S., KVETON, B., SZEPESVARI, C., AND WEN, Z. Dcm bandits: Learning
to rank with multiple clicks. In International Conference on Machine Learning
(2016), pp. 1215-1224.

KVETON, B., SZEPESVARI, C., WEN, Z., AND ASHKAN, A. Cascading bandits: Learn-
ing to rank in the cascade model. In International Conference on Machine Learning
(2015), pp. 767-776.

LATTIMORE, T., AND SzEPESVARI, C. Bandit algorithms. Cambridge University

60

[19

[20

[21]

[22]

[23]

&
=)

[27

(28]

(31]

32]

(33]

(34]

[35

Yumou Liu, Haoming Li, Zhenzhe Zheng, Fan Wu, and Guihai Chen

Press, 2020.

Ly, L., CHU, W., LANGFORD, J., AND SCHAPIRE, R. E. A contextual-bandit approach
to personalized news article recommendation. In WWW (2010).

L1y, D. C,, RoGERs, S., SH1AU, R., KisLYUK, D., Ma, K. C., ZHONG, Z., L1u, ]J., AND
JING, Y. Related pins at pinterest: The evolution of a real-world recommender
system. In Proceedings of the 26th international conference on world wide web
companion (2017), pp. 583-592.

Ma, S., Das, P., NIKOLAKAKI, S. M., CHEN, Q., AND Torcu ALTINTAS, H. Two-
layer bandit optimization for recommendations. In Proceedings of the 16th ACM
Conference on Recommender Systems (2022), pp. 509-511.

Ma, X., WANG, P, ZHAo, H., L1u, S., ZHAO, C., L1N, W,, LEE, K.-C., XU, J., AND
ZHENG, B. Towards a better tradeoff between effectiveness and efficiency in
pre-ranking: A learnable feature selection based approach. In Proceedings of
the 44th International ACM SIGIR Conference on Research and Development in
Information Retrieval (2021), pp. 2036-2040.

Ma, X, Zuao, L., HuaNg, G., WANG, Z., Hu, Z., Zru, X., AND Gar, K. Entire space
multi-task model: An effective approach for estimating post-click conversion
rate. In The 41st International ACM SIGIR Conference on Research & Development
in Information Retrieval (2018), pp. 1137-1140.

MCINERNEY, ]., LACKER, B., HANSEN, S., HIGLEY, K., BouCcHARD, H., GRUSON, A.,
AND MEHROTRA, R. Explore, exploit, and explain: personalizing explainable
recommendations with bandits. In Proceedings of the 12th ACM Conference on
Recommender Systems (2018), pp. 31-39.

MNTIH, A., AND SALAKHUTDINOV, R. R. Probabilistic matrix factorization. Advances
in Neural Information Processing Systems (2007), 1257-1264.

N, C., Wy, F,, Tang, S., Hua, L., J1a, R, Lv, C., Wu, Z., AND CHEN, G. Billion-scale
federated learning on mobile clients: A submodel design with tunable privacy.
In Proceedings of the 26th Annual International Conference on Mobile Computing
and Networking (2020), pp. 1-14.

PazzaNi, M. J., AND BirLsus, D. Content-based recommendation systems. In
The adaptive web: methods and strategies of web personalization. Springer, 2007,
pp- 325-341.

WANG, J., HuaNG, P., ZHao, H., ZHANG, Z., ZHAo, B, AND LEE, D. L. Billion-
scale commodity embedding for e-commerce recommendation in alibaba. In
Proceedings of the 24th ACM SIGKDD International Conference on Knowledge
Discovery & Data Mining (2018), pp. 839-848.

WANG, Z., ZHAO, L., JIANG, B., Zuou, G., Zuu, X., AND Gar, K. Cold: Towards the
next generation of pre-ranking system. arXiv preprint arXiv:2007.16122 (2020).
Yao, J., WANG, F.,, DING, X., CHEN, S., HAN, B., ZHoU, J., AND YANG, H. Device-
cloud collaborative recommendation via meta controller. In Proceedings of the
28th ACM SIGKDD Conference on Knowledge Discovery and Data Mining (2022),
pp. 4353-4362.

YAo, J., WANG, F., J1a, K., HAN, B, ZHOU, ]., AND YANG, H. Device-cloud collab-
orative learning for recommendation. In Proceedings of the 27th ACM SIGKDD
Conference on Knowledge Discovery & Data Mining (2021), pp. 3865-3874.

YiN, H,, Qu, L., CrEN, T,, YUAN, W., ZHENG, R., LONG, ], X14, X, SHI, Y., AND
ZHANG, C. On-device recommender systems: A comprehensive survey. arXiv
preprint arXiv:2401.11441 (2024).

Znovu, G., Fan, Y, Cur, R, Bian, W,, ZHu, X., AND Gar, K. Rocket launching:
A universal and efficient framework for training well-performing light net. In
Proceedings of the AAAI Conference on Artificial Intelligence (2018), pp. 4580-4587.
Zuou, G, Zuu, X,, Song, C., FaN, Y., ZHu, H,, Ma, X,, YaN, Y., JiN, ], L1, H., AND
Gar K. Deep interest network for click-through rate prediction. In Proceedings of
the 24th ACM SIGKDD International Conference on Knowledge Discovery & Data
Mining (2018), pp. 1059-1068.

ZogH1, M., Tunys, T., GHAVAMZADEH, M., KVETON, B., SZEPESVARI, C., AND WEN,
Z. Online learning to rank in stochastic click models. In International Conference
on Machine Learning (2017), pp. 4199-4208.



	Abstract
	1 Introduction
	2 Preliminaries
	2.1 System Modeling
	2.2 Problem Formulation

	3 Two-Stage Bandits
	3.1 Two-Stage Bandit with Stochastic Retrieval
	3.2 Two-Stage Bandit with Linear Retrieval

	4 Regret Analysis
	4.1 Upper Bound of Algorithm 1
	4.2 Upper Bound of Algorithm 2
	4.3 Lower Bound

	5 Evaluation
	5.1 Synthesis Data
	5.2 MovieLens 1M Dataset

	6 Related Work
	6.1 Two-Stage Recommender System
	6.2 Bandit in Recommendation

	7 Conclusion
	A Appendix
	A.1 Related Proofs for Theorem 1

	References

