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Abstract

To balance prediction accuracy and system latency, large-scale on-
line ad auctions employ two-stage architectures. These systems first
retrieve a candidate ads subset using coarse quality metrics before
finalizing auction outcomes with refined metrics. However, exist-
ing implementations typically elicit user-specific bids only once,
overlooking the impact of real-time quality metrics on advertiser
valuations and thereby limiting allocation efficiency. Motivated by
recent industry practice, we investigate the design of two-stage
auctions that allow advertisers to submit and update their bids,
with second-stage bids serving as refinements of the initial ones.
We derive the incentive-compatible (IC) conditions and analyze
the revenue properties of this two-stage auction. Notably, an addi-
tional entry fee is required to prevent inflated initial bids, which
compromises the standard ex-post individual rationality (IR) prop-
erty. To address this, we propose a dynamic two-stage auction that
adopts realization-dependent entry fees with discounts. By lever-
aging historical bidding information, our mechanism guarantees
approximate ex-ante IC across both stages and restores ex-post IR.
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1 Introduction

With the advancement of real-time bidding techniques [31], the
frequency and scale of ad auctions have increased dramatically.
Upon each user request, advertisers submit user-specific bids to
the platform, and the platform then determines the ads to display
via real-time auctions that consider both bid values and ad qual-
ity metrics—such as click-through rate (CTR) and conversion rate
(CVR). In addition to ad content, these metrics incorporate granular
user features and historical behaviors to assess the ad’s relevance
to each unique request. To balance prediction accuracy and system
latency across a large number of ad candidates, modern online ad
systems typically adopt a two-stage architecture [18, 36]. In this
design, the platform first computes coarse predictions of ad quality
for all candidates and, together with the submitted bids, uses them
to select a subset of ads during a pre-auction stage. Only this subset
proceeds to a second, formal auction stage, where the platform could
then afford to compute the refined ad quality metrics with compu-
tationally intensive methods for finalizing allocation and payment.
While the refinement of quality metrics is inherent to this architec-
ture, the corresponding protocol for handling bids throughout this
two-stage process remains a non-standardized design choice.

In industrial settings, a common practice is to retrieve the candi-
date ad subset using average historical bids, and elicit user-specific
real-time bids only in the second stage. An alternative approach,
proposed in the literature [36, 40], collects bids only during the
pre-auction stage and uses the same bid values throughout both
stages. However, advertisers’ valuations and corresponding bids
depend critically on real-time predictions of ad quality. Bids based
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on historical or outdated metrics often fail to reflect the advertiser’s
true valuation at the moment. For example, advertisers optimizing
for conversions base their bids primarily on user-specific CVR pre-
dictions, which improve with real-time modeling and become more
accurate when refined CVR predictions are available. Consequently,
to improve allocation efficiency, platforms should ideally elicit and
use real-time, up-to-date bids in both stages of the auction.

Driven by this rationale, Taobao, one of the major online ad
platforms, has upgraded its system architecture to support this
dual real-time bidding approach at scale. While Taobao’s current
implementation retains the auction rules of existing approaches,
the system incorporates updated bids at both stages. Empirical anal-
ysis across billions of auctions reveals that the refinement of ad
quality metrics leads to an average twofold change in valuations,
underscoring the significance of bid refinement. However, this pio-
neering approach is susceptible to strategic manipulations: because
final auction outcomes depend solely on the refined second-stage
bids, advertisers can inflate their pre-auction bids to ensure their
entry to the formal auction without incurring any cost. As a result,
Taobao currently restricts this feature to trusted internal advertisers,
limiting the scope of bid refinement in general ad auctions.

Motivated by these industry practices, we aim to formally inves-
tigate the design of two-stage ad auctions that allow advertisers to
submit and refine their bids from a game-theoretical perspective.
Specifically, we focus on two-stage incentive-compatible (IC) auc-
tions, where advertisers are incentivized to truthfully report their
valuations at both stages. Unlike in traditional multi-dimensional
auctions, an advertiser’s initial valuation does not contribute to
her utility directly; instead, it implicitly influences subsequent allo-
cation and payment. This asymmetry introduces an incentive for
advertisers to inflate their initial bids to increase their chances of
being selected for the second stage, especially under improperly
designed mechanisms.

To preserve the well-ordering of bidding, we provide formal
definitions and analysis for two-stage IC conditions. Our result en-
ables the platform to truthfully implement any monotone allocation
rule under a newly proposed two-stage monotonicity concept. A
key finding is that advertisers granted access to the second stage
must pay an entry fee alongside standard single-stage payments,
irrespective of their refined bids. To guide revenue optimization,
we derive a closed-form expression for the expected revenue of
any two-stage auction, which can be viewed as a transformation
of the classical virtual value function [29]. However, due to the in-
dispensability of entry fees, a broad class of common two-stage IC
auctions fails to satisfy ex-post individual rationality (IR) conditions
for general non-trivial allocation rules, i.e., some advertisers may be
charged without receiving an allocation. Furthermore, these entry
fees result in higher expected payments for advertisers compared
to incumbent auction mechanisms.

To overcome this limitation, we propose a dynamic two-stage
auction with discounts in entry fees that simultaneously achieves
ex-post IR and approximate ex-ante IC. This auction incorporates
realization-dependent entry fees tailored to the advertiser’s realized
capacity to pay, and allows the platform to provide flexible discounts
on this basis. Inspired by non-monetary mechanism design, we
track advertisers’ historical bidding behavior and compare their
cumulative discount usage against prior expectations. Advertisers
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exhibiting abnormally high discount consumption are subject to
exclusion, ensuring that the utility gain from strategic manipulation
vanishes over time. For the widely adopted rank-score allocation
rules, our auction can either charge a full entry fee by setting an
equivalent bid-dependent reserve price, or completely eliminate the
entry fees to align with standard single-stage payments. Crucially,
as the discount computation and monitoring process is simple based
on entry fees, our dynamic two-stage auction remains practical for
implementation. Our results offer valuable insights into designing
two-stage ad auctions that effectively integrate bid refinement while
preserving economic robustness in online advertising.
The main contributions can be summarized as follows:

We study the auction design problem for a new two-stage model
with bid refinement in online advertising. We provide industrial
evidence to support this model and motivate the necessity for a
rigorous game-theoretical analysis.

We derive the IC conditions and analyze the revenue perfor-
mances of this model. We find that general two-stage IC auctions
are unable to satisfy ex-post IR due to additional entry fees.
We propose a dynamic two-stage auction with flexible discounts
to achieve ex-post IR and approximate ex-ante IC. This mecha-
nism can convert any monotone two-stage allocation rule to a
bid refinement scheme and remains simple in auction format.

2 Two-Stage Auctions: Industry Practice

In this section, we provide the background on two-stage ad auctions
and present the recent deployment by Taobao to demonstrate the
feasibility and effects of bid refinement.

2.1 Two-Stage Auctions in Online Ad System

The two-stage architecture has been widely adopted as a funda-
mental infrastructure to address real-time user requests in both
industrial recommender system [7, 10, 20] and online ad system [12,
36, 40]. In two-stage ad auctions, the formal auction stage oper-
ates similarly to standard (single-stage) ad auctions but typically
includes only a few hundred ad candidates. This constraint arises
from the computational cost of producing refined predictions for
ad quality metrics [28, 41]. Due to these resource limits, the pre-
auction stage must filter tens of thousands of relevant ad candidates
down to a manageable subset. The typical goal is to identify a candi-
date subset that is likely to yield high revenue in the formal auction.
This filtering is usually based on a pre-ranking score, computed
using coarse (low-cost) prediction of quality metrics and advertiser
bids. The specific method used to compute pre-ranking scores can
vary across platforms [12, 36], but generally, ads with the highest
pre-ranking scores are admitted to the formal auction.

A key modification explored in this work—and recently adopted
in practice by Taobao—is to collect advertiser bids at both stages,
rather than eliciting a single set of real-time bids. When feasible,
this allows advertisers’ bids to dynamically reflect their current
valuations, enhancing the platform’s ability to make more accurate
and efficient allocation decisions.

2.1.1 Deployment Overview. Previously, Taobao adopted a time-
weighted average of historical bids to simulate bid values in the
pre-auction stage (see Figure 1a). This was combined with coarse
quality metrics computed in parallel to determine the pre-ranking
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Figure 1: Online Deployment of Pre-Auction Stage

score. Real-time, user-specific bids were only collected after an
advertiser’s ad passed the pre-auction filter and entered the formal
auction stage, where refined metrics were available.

To enable real-time bidding in both stages, Taobao redesigned its
system architecture so that, in the pre-auction stage, coarse quality
metrics are computed first, followed sequentially by the advertiser’s
bidding decision, mirroring the flow used in the formal auction
stage (see Figure 1b). Such implementation for the pre-auction
stage is more complex than that of the formal auction stage due to
the significantly larger scale of ad candidates, making distributed
computation more demanding. Despite the increased latency, the
improvement of utilizing real-time, user-specific bids for subset
selection outweighs its engineering complexity.

2.1.2  Bid Discrepancies Between Stages. To quantify the discrepan-
cies between bids submitted at the pre-auction and formal auction
stages, we define the absolute logarithm of pre-bid ratio (ALPR) for
each ad request as

ALPR = (cc [log, ) /i)

where C denotes the set of advertisers who enter the formal auction
stage for the current request. Here, 9; and w; represent advertiser i’s
initial (pre-auction) and refined (formal auction) bids, respectively.
We analyzed ALPR across all ad requests from date 09-29 to 10-06,
covering billions of auction instances. The average ALPR during
this period was 1.04, indicating that, on average, an advertiser’s
refined bid was approximately either twice or half the value of their
initial bid. These bid discrepancies largely stem from differences
between coarse and refined quality metric predictions used in the
two stages. This significant variation underscores the importance
of bid refinement in the formal auction stage. Even though initial
bids can be collected in the pre-auction stage at scale, relying solely
on them without subsequent refinement could severely undermine
the efficiency of ad allocation.

Taobao has fully deployed this new two-stage bidding archi-
tecture in its major display advertising services, supporting over
300,000 advertisers and processing more than 10 billion ad requests

5756

KDD ’°26, August 09-13, 2026, Jeju Island, Republic of Korea

per day!. Representative deployment scenarios include “Recom-
mended for You” ad slots on the homepage and post-purchase
pages of Taobao’s mobile app. The resulting P99 latency, i.e., the
time by which 99% of ad requests are completed, is approximately
355 milliseconds, indicating that most auctions are resolved within
acceptable real-time constraints.

2.2 Motivation of Auction Design

The feasibility of the above deployment relies on a crucial condition:
all participants are internal advertisers treated as trusted. That is,
they either use automated bidding tools provided by Taobao or
adopt a fixed, pre-determined bid for all relevant auctions. Due
to the trustworthy guarantee of involved advertisers, Taobao is
able to treat initial bids solely as reference signals to help select a
promising candidate subset.

When the platform possesses full knowledge of how participants
evaluate an impression across two stages, it is also feasible to adopt
automatic bid refinement, thereby saving the efforts of explicitly
eliciting refined bids. In real-time bidding, advertisers typically
adopt some bidding formulas parametrized by ad quality metrics
and control variables reflecting the advertiser’s anticipation of real-
time market conditions [1, 19, 37]; these formulas effectively serve
as their valuation function in personalized contexts. If the platform
had access to these functions, it could automatically refine each
bidder’s initial bid upon the update of ad quality metrics, rendering
the second-stage bid elicitation unnecessary.

However, for general advertisers, the platform typically lacks ac-
cess to these specific valuation functions. Advertisers may employ
some complex, proprietary strategies [6, 39] to maintain a strategic
competitive advantage. Moreover, it is difficult to reach a consensus
on the credibility of ad metric predictions and automatic bid refine-
ment when fully conducted by the platform. Thus, eliciting bids at
both stages is more suitable for general scenarios to leverage refined
valuations. Yet, this flexibility grants strategic advertisers signif-
icant opportunities to manipulate bids and extract higher utility,
which would severely distort the pre-ranking scores and degrade
auction performance. Given the scalability and practical viability
of collecting real-time bids at both stages, it becomes essential to
develop a formal game-theoretic understanding of two-stage auc-
tions. In particular, properly resolving the involved incentive issues
is key to ensuring that the auction remains robust and effective
when extended to a broader set of advertisers.

3 Notations and Definitions

Based on the new features of two-stage ad auctions discussed above,
we formulate our formal model as follows. Suppose there are n
advertisers? competing for display opportunities provided by an ad
platform. The process of each auction can be described as follows.

1) Pre-auction stage: Each advertiser i € [n] learns her initial
valuation v; on the current display opportunity. Due to varying
relevance between advertisers and users, we assume v; is drawn
independently from a personalized distribution f;(-). While f; is
known by the platform, v; is privately revealed to advertiser i. The
platform asks advertisers to submit initial bids 9;, and determines

IStatistics in this section are counted during the same period as the ALPR metric.
2We use advertisers with bidders interchangeably in this work.
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the bidder subset to enter the formal auction stage with subset
selection rule ys. We use ys(¥) to denote the probability that a
bidder subset S C [n] is selected by the platform to enter the
formal auction stage under the initial bid profile ¥ = (4, ..., 0y).

2) Formal auction stage: Each advertiser i entering the formal
auction stage learns her refined valuation w; on the display op-
portunity, independently drawn from a distribution g;(-;v;). As w;
is a refined evaluation based on v;, we assume the distribution of
w; depends on her initial valuation v;. We adopt the concept of
first-order stochastic dominance [9] to describe the relation between
distributions g;(-; v;) of different initial values v; as

Vi, Ul{ > Ui, Wi : Gi(W,‘;U;) < Gi(Wi;Z)i),

where G;(+;v;) is the CDF of g;(+;v;). That is, when an advertiser’s
initial valuation increases, the probability of her refined valuation
exceeding any fixed w; is non-decreasing. Distributions g; are pub-
lic information, while w; are privately known by advertiser i. The
platform asks advertisers to submit their refined bids w; to de-
termine the auction outcome based on the allocation rule x and
payment rule p of the formal auction stage. We use x; (¥, w; S) to
denote the allocation to bidder i when the selected bidder subset
is S and their refined bid profile is W = (w1, ..., w,), and denote
the corresponding payment charged to bidder i as p; (¥, w; S), with
w; = 0 and x;(¥, w;S) = 0 for i ¢ S. We assume there is an upper
bound u for v;, ;, w; and w;, i.e., v;, 0;, wi, w; < U.

The realized utility of bidder i with refined valuation w; when
the bids profile is (¥, W) and the entering bidder subset is S could
then be defined as

ui(f/, \i’; wi,S) =w; - xi(fr, \i’; S) _Pi({'s VAV; S)

We also define the expected utility of bidder i in pre-auction stage
when the initial bid profile is ¥ and her true initial valuation is v; as

Ui(@00) = > ys(9) - By [ (% W5 w3, S)],
Sc[n]

assuming all the bidders report true refined valuations in the formal
auction stage with initial valuations (v;, V_;), where we use w ~
g(+;0;, V_;) to represent w; ~ g;(-;0;) and w; ~ g;(+;9;) for j # i.

In this work, we consider the design of two-stage incentive com-
patible (IC) direct-revelation auctions. Since reporting the initial
bid and refined bid formulates a sequential decision problem for
advertisers, the IC conditions for the two stages are defined in a
backward manner. The allocation rule of a two-stage auction is
defined by (ys, x), which constitutes a complete auction together
with the payment rule p.

DEFINITION 3.1. A two-stage auction mechanism (ys, x, p) satis-
fies two-stage IC if the following conditions hold:

(1) (Ex-post IC for formal auction stage)

VO, W, 1, wi, S w (B, wi, Wois wi, S) 2 wi(V, Wi wy, S). (1)
(2) (Interim IC for pre-auction stage)
V¥, 0,1 Up(03, V-i50;) 2 Ui (5 0;). @)

Given that an advertiser has entered the formal auction stage
with the pre-auction stage context ¥ and S, the remaining auc-
tion process becomes similar to the classical single-stage auctions.
Following this idea, conditions (1) for the formal auction stage
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are defined to elicit true refined valuations under any potential
pre-auction stage context. By conditions (1), we could assume ad-
vertisers to always report true refined valuations in the formal
auction, which simplifies the computation of expected utility for
advertisers in the pre-auction stage. To see conditions (2) satisfy
classical Bayesian-Nash incentive compatible (BNIC) conditions for
initial valuations, we note that U;(¥;v;) becomes the true expected
utility for advertiser i when other advertisers bid truthfully.

We also desire the auction mechanism to satisfy individual ratio-
nality (IR) conditions.

DEFINITION 3.2. A two-stage auction (ys, x, p) satisfies two-stage
interim IR if Vv, i : U;(v;v;) > 0; and satisfies ex-post IR if Vv, w, i, S :
u; (v, w;w;, S) > 0.

As ex-post IR guarantees non-negative realized utility for any
potential realization of bidder subset and refined bids, it provides a
stronger guarantee than the two-stage interim IR on expected utility.
For any two-stage auction considered in the work, we assume
pi(v,w;8) = 0, with x;(0,v_;,0,w_;;5) = p;(0,v_;,0,w_;;S) =0,
Vi, S, v, w, to guarantee a safe outside option. For convenience in
notations, we define the two-stage combined allocation rule z and
payment rule g for two-stage auction (ys, x, p) as

(W) = ) ys(¥) - x(¥,W:8),
Sc[n]
(e W) = > ys(9) - pi(9,W:8),

Sc[n]

®)

which represents expected allocation and payment for a realiza-
tion of (V, W) over the randomness of subset selection. We may
also use Es.ys(¢) to represent such randomness, e.g., z;(V, W) =
Bsyg (o) [x: (¥, W3 S)].

4 Characterization and Properties

In this section, we present the characterization results for two-stage
IC auctions and analyze their associated revenue and IR properties.
Detailed proofs of our results are provided in Appendix A.

4.1 Conditions for Two-Stage IC

After a bidder enters the formal auction stage, the bidder subset
S and initial bids v have been fixed. Therefore, the ex-post IC
conditions (1) for refined bids W are analogous to the classical
IC conditions in single-stage auctions [29]. By this observation, we

have p; (v, W; S) = [ w; - ZLOBN=S) G5, 1 p,(¥,0,W_;;S), and
x; (V, W; S) non-decreasing in w;, Vi, S, ¥, W, to incentivize truthful
report of w;. In classical auctions, the “starting point” payment term
when the valuation of a bidder is 0, analogous to p;(¥,0,W_;;S)
here, is usually assigned to be 0 to ensure the IR property. However,
when bidders need to first compete in a pre-auction stage in our two-
stage context, the design of term p; (¥, 0, W_;; S) becomes the key
to incentivize true initial bids, as simply setting p;(¥,0, w_;;S) =0
represents no opportunity cost to participate in the formal auction
and leads to overbidding of initial valuations.

To design an appropriate p;(V, 0, W_;; S), the underlying insight
is to view the outcome of bidder subset selection as an allocation
of potential opportunities to participate in formal auctions. Since
the value of those opportunities is essentially the expected utility
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a bidder may obtain in the formal auction, we could adapt the
spirit of Myerson’s result and apply it iteratively on the expected
utility derived from the single-stage characterization. This provides
a reduction from the design of two-stage IC auctions to a two-stage
allocation rule.

THEOREM 4.1. For any two-stage allocation rule (ys, x) satisfying
o x;(V,W;S) non-decreasing in w;; and
o z;(V, W) non-decreasing in 0;
foranyi € [n],S C [n] and potential bid profiles ¥, W, define the
corresponding payment rule p as p;(V,W;S) = pi1(V, W;S) + 7;(V),
with standard single-stage payment

Wi (W
Pi1 (¥, W;5) =—/0 wj - 2%, W W—r;5) ‘;:{):Nﬂ’S) dw;
and an additional entry fee
b; u
(V) = EW—iNgfi(';‘A’—i) [/ / (1= Gi(wi;0;))-
o Jo B @)
9z (03, Vi, i, W—;) dw; i | .

90;
then the two-stage auction (ys, x, p) is two-stage IC and interim IR.

We term the allocation rules (ys, x) satisfying the non-decreasing
conditions in Theorem 4.1 to be two-stage monotone. That is, fixing
the realized valuations of other bidders, reporting a higher initial
bid 9; brings the advertiser a larger two-stage combined allocation
z;, and reporting a higher refined bid w; brings the advertiser a
larger realized allocation x;. As we will see in Section 4.2, these
conditions are natural to hold for allocation rules in ad auctions.

In Theorem 4.1, the payment charged to advertisers are split into
two parts: (1) the standard single-stage payment, i.e., p;1(V, W;S) =
/Owi Wi+ %‘Z’W") dw;; and (2) an additional entry fee 7; (V) corre-
sponding to the opportunity cost of participating in the formal auc-
tion. In Equation (4), term fou(l —Gi(w;;0:))zi (05, V—j, wi, W;) dw;
represents the expected utility of advertiser i in the formal auction
when her initial valuation is d;, fixing the bids of other advertisers.

Due to the inherent uncertainty of the future in two-stage auc-
tions, there may exist a multitude of payment rules to constitute a
two-stage IC auction for the same allocation rule, which is distinct
from the single-stage characterization result. Specifically, using
any entry fee rule 7;(V, w_;; S) conditional on S and W_; in sub-
stitute of 7;(¥), with Eg_;g(-_;).5~ys [7:(V, W-i39)] = 7;(¥), also
provides a two-stage IC and interim IR mechanism. We present the
payment format as 7;(¥) in Theorem 4.1 due to its simplicity in
operation: the platform only needs to charge a fixed entry fee for
each bidder depending on their initial bids, which could be paid up
before the formal auction begins. For ease of presentation, Theorem
4.1 is written using ordinary derivatives. When the allocation rule
is monotone but discontinuous, the derivative notation is inter-
preted in the Lebesgue—Stieltjes sense induced by the monotone
allocation rule. For continuously differentiable allocation rules, this
convention coincides with the displayed formula.

4.2 Example: Allocation with Rank Scores

In online advertising, a group of allocation rules based on rank
scores is widely adopted due to its simplicity in implementation and
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flexibility in design [23, 26, 33], covering both subset selection [12,
13, 36] and auction allocation [26, 33].

4.2.1 Rank Scores in Online Advertising. The working principle of
the allocation rule with rank scores is formally described as follows.
The ad platform determines the (personalized) rank score functions
hio, hi1 : R¥ — R for each advertiser i before the auction starts,
with h; ¢ for the pre-auction stage, and h;; for the formal auction
stage. Note that h; can depend on other contextual features or prior
information irrelevant of submitted bids.

Given bids of advertiser i, the platform compute the correspond-
ing rank scores for her, denoted as h; (9;) for rank score in the
pre-auction stage and h;; (w;) for the formal auction stage. The
platform greedily chooses k advertisers (k < n) with the highest
initial rank scores h; o(9;) to enter the formal auction, and finally al-
locates to the advertiser with the highest refined rank score h; 1 (W;).
The allocation rule can be formally defined as:

ys(V) =I{S = argmax > ;cs hio(d:)},
S’c[nl,|S"|=k
xi(V,W;S) =I{i =argmax h;;(w;)},
jes

where ties are broken in an arbitrary fixed order. As the rank scores
are non-decreasing in bids for both stages, fixing the bids of other
advertisers, reporting a higher bid would not lead the final allocation
to decrease, thus satisfying the two-stage monotone property.

4.2.2 Computation of Entry Fees. As a consequence of the non-
decreasing rank score functions, there exist some threshold bids
for each advertiser to enter the second stage or win the auction,
leading the entry fee in Equation (4) to be largely simplified. To
facilitate our discussion, we use h(7ki3)0 (¥_;) to denote the k" highest
initial rank score besides that of bidder i, and use $¥) (¥) to denote
the subset of k advertisers entering the formal auction. Formally,
we may define the threshold initial bid and threshold refined bid
respectively as

rio (V=) = inf {ho(0r) = B (9-0))
ripn(W_i;S) = izvl_f{hm(wi) > hji(wj),Vj e S\{i}}.

That is, an advertiser i enters the formal auction only if 9; >
ri0(V_;), and then wins the auction only if w; > r;; (W_;; s (¥)).

PROPOSITION 4.2. In the allocation with rank scores setting, charg-
ing the following entry fee satisfies two-stage IC:
[ (w; - Vi,l(W—i;S))+],

wi~Gi(|rio(V-i))

ifi €S,
Ti(\A’, VAV_i; S) =
0, otherwise,

®)

where (x)* := max(x, 0).

Observing (w; — i1 (W_;; S))+ is the utility of an advertiser with
valuation w; in standard single-stage auctions, the entry fee can
be simply computed by simulating the expected utility of i under
different w;, assuming her initial valuation is the threshold initial
bid r;o(V_;) with fixed S and w_;.

4.3 Revenue and IR Properties

Next, we consider the revenue and IR properties to inspect the over-
all impacts brought by additional entry fees in two-stage auctions.
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THEOREM 4.3. Suppose w; = v; + €;, where €; is an additive noise
independent of v;, and g;(-;v;) is the induced conditional distribution
supported onv;+supp(e;) C Ry. Consider a two-stage IC auction with
allocation rule (ys,x) and ys(0,v_;) = 0,VS > i. Then its expected
revenue is

< 1 - Fi(v;)
EVNf’WNg(.;V) [Z zi(v,w) - (Wi — (Vi

where z; (v, w) is the combined allocation rule of (ys, x).

(6)

i=1

Recall that the expected revenue of standard single-stage IC
auction only eliciting initial valuations v (with allocation rule a) is
Ey~t [Z?:l a;(v) - (vi - l}i’%)],the virtual value function of two-
stage IC auctions replaces the initial value v; by the refined valuation
w;, while the inverse hazard rate term remains unchanged. In other
words, not only could the social welfare of the auction be improved
by allocating based on the latest valuations, but the platform may
also exploit the difference between v; and w; to enhance revenue.
As our results provide a truthful reduction for eliciting bids, we can
derive approximation results on social welfare and revenue based on
existing monotone subset selection algorithms [13] with moderate
regularity assumptions on virtual value function. Importantly, as
our two-stage auction generalizes the single-stage auction, any
outcomes achieved by single-stage auctions with initial valuations
are trivially attainable here.

Failure of Ex-post IR. While entry fees are necessary to elicit
true valuations in a two-stage auction, a flip side of this design
is the violation of ex-post IR properties: advertisers are liable for
positive entry fees regardless of whether they receive the final allo-
cation. Unfortunately, such situations hold for general non-trivial
two-stage IC auctions. To formalize this idea, for any allocation
rule (ys, x), define the expected combined allocation of bidder i
under initial bid 3;, fixing other initial bids ¥_;, as Z;(9;, V_;;v) :=
Ew~g(.v) [2i(3i, V-, W)] . We call a two-stage allocation rule triv-
ial if, for any i, v, V_;, the function Z;(0;, v_;; v) is constant in 9;.
Otherwise, the allocation rule is non-trivial. For Proposition 4.4,
we assume the refined-value distributions are regular and fully
supported: for any i,0; € [0,u], G;(-;v;) is atomless and admits a
density g;(w;;v;) > 0 on (0, u).

PROPOSITION 4.4. Under the regular full-support assumption above,
for any non-trivial two-stage monotone allocation rule, there does not
exist an ex-post IR auction to implement it and satisfy two-stage IC.

5 Ex-Post IR Two-Stage Auction with Discounts

Our characterization results outline a promising paradigm of two-
stage ad auctions: the platform could implement any desirable
two-stage monotone allocation rule for general advertisers. Despite
those desirable properties, the accompanying features of two-stage
IC auctions, including the charge of additional entry fee and the
violation of ex-post IR conditions (Proposition 4.4), diverge from
the current payment rules familiar to advertisers, which may pose
additional challenges for its promotion. With the above considera-
tions, this section investigates a design for two-stage auctions that
balances the necessary auction properties for online advertising.
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5.1 From Static to Dynamic Auctions

Compared with standard single-stage auctions, the distinguishing
feature of two-stage IC auctions is their reliance on entry fees to
incentivize truthful reporting of initial valuations. However, entry
fees are an inherent feature of static two-stage IC auctions. To
resolve this tension between IC and IR, we turn to the design of
dynamic auctions. Distinct from classical dynamic auctions, our
objective is to leverage historical bidding information to detect and
discourage strategic misreporting, thereby reducing the reliance on
entry fees while still ensuring approximate two-stage IC.

5.1.1 More Notations for Dynamic Setting. To formalize the con-
cepts of dynamic auctions, we focus on the setting of finite-horizon
auctions with length T. In each period ¢ € [T], the ad platform
provides a new display opportunity to sell to the advertisers, where
the values of the opportunities are i.i.d. across time for each bidder
i, following f; and g;. To adapt the previous notations to a dynamic
setting, we use the superscript ¢ to denote the corresponding at-
tribute at time period ¢. For example, o! and w! denote the initial and
refined valuation for advertiser i at time ¢ respectively, with v ~ f;
and w; ~ g;(+;0}), and S’ denotes the bidder subset at time ¢. With
a little abuse of notation, we also use (x!, p!) and (x’, p’) to denote
the realization of allocation and payment for advertiser i and all the
advertisers at time period ¢, respectively. In the dynamic auction
setting, both the platform and advertisers may rely on the historical
information to determine the auction outcomes or make bidding
decisions adaptively. We use H® = {(¥*", 5", W, x", p"')};» ; and
HEL = {HH, %, S} to denote the public history at the pre-auction
stage and formal auction stage of time period ¢, respectively. We
also use 7,°° = {(0f, w!')}rr<; and ;"' = {T%,0!} to denote the
private history types of advertiser i at the pre-auction stage and
formal auction stage of time period ¢. We use AH and A7; to denote
the space of public history and private history of advertiser i.

Utilities of Advertisers. A bidding strategy of advertiser i could be
represented as B; : AHXAT;x[0,u] — [0,u]. That is, the advertiser
relies on the public history, her private history, as well as her current
valuation to make a bidding decision. We use 7; to denote the
truthful strategy that always report true (initial or refined) valuation
in the current stage. Assuming all other advertisers report truthfully,
the expected utility of adopting strategy B; for advertiser i under
auction mechanism M is defined as

U (B M) =E [Z; wf.xf —Pf],

where the expectation is taken over the realization of advertisers’
initial valuations v/ and refined valuations w’, the randomness of
advertiser i’s strategy 8; in reporting initial bids 4! and refined bids
w!, and the randomness of mechanism M in selecting S’ and imple-
menting (x, p’). Note that (x!, p;) are random variables depending
on the aforementioned randomness.

IC Properties of Dynamic Two-Stage Auction. Due to intricate
dynamics in repeated auctions, an exact non-trivial dynamic IC
auction typically has complex allocation and payment rules [4],
leading them inappropriate for ad auctions. Therefore, we turn
to consider the e-approximate IC on time-averaged utility in an
ex-ante sense, defined as (L{i(z;i;M> — w"(‘?;M) <e Vi, B ie,any
dishonest strategy could not achieve an expected utility increase
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greater than € over truthful reporting in each time step. As we will
see later, our auction could achieve e-approximate ex-ante IC, with
€ converging to 0 with the increase of time period length T.

5.2 Realization-Dependent Entry Fee

To prevent chain misreporting in v; and w;, the platform has to
charge an entry fee accounting for the overall uncertainty of poten-
tial w; ~ G;(+|v;) and S ~ ys when only v; is revealed, unavoidably
breaking the ex-post IR condition. With the utilization of historical
information across time, we will be able to relax the requirement on
the entry fee to accounting only for a specific realization of w; and
S. To distinguish with the entry fee 7;(¥) and 7; (¥, W_;; S) in static
auctions, we use 7;(V, W;S) to denote such realization-dependent
entry fee rules in dynamic environment. Before presenting our
design to realize this relaxation (Section 5.3), we first demonstrate
the condition of 7; to be feasible for our design, and provide two
detailed ex-post IR entry fee rules as candidates for implementation.
Formally speaking, we can design and implement any realization-
dependent, non-negative entry fee rules 7 to be approximate two-
stage IC, as long as it satisfies the aligning expectation condition

™)

This aligning expectation condition arises as a natural relaxation
of the static entry fee 7;(¥). Since 7;(¥) guarantees interim IR, once
we relax it to be realization-dependent, finding such an ex-post IR
entry fee rule for every realization should be flexible in principle.

A simple yet effective way is to charge entry fee proportional to
the realized second-stage utility, i.e., w; - x; (¥, W; S) — p;1 (¥, W;S),
with a constant proportion determined by the static entry fee ;(¥)
and her expected utility U;(¥; ;) in the static auction. Specifically,
for the allocation with rank score setting, a convenient approach
to charge entry fee is to leverage the classical concept of quantile
transformation in mechanism design [5, 17]. Given the c.d.f. of
refined value G;(+;v;), its quantile function ¢; (-;0;) : [0,1] — [0,u]
is defined as ¢;(q;v;) = H™!(q), with H(:) = G;(-;v;). That is, ¢;
maps a quantile in [0, 1] to the corresponding realization of w;
in the relative location of distribution G;(+;v;). As the entry fee
in Equation (13) charge the expected utility obtained by threshold
initial value r; o (¥), we can simulate the virtual w; induced by r; o (V)
utilizing the quantile of realized w; induced by 9;, i.e., charging

Egmg(50),5~ys(9) [7i1(V, W; 8)] = 7;(¥).

+
80 5) = (61(Gi (9003 0 (V) = ria (W-s9)) . ®)
On the other hand, the standard single-stage payment here is
Pia (\A/, “AI; S) =Tri1 (v”v,i; S) © X (\7, “AI; S) Recall X (‘AI, \i’; S) = ]I{\fvl >
ri1(W_;;S)}, this gives the overall payment p;(V, W; S) as

x; (V, W;S) - max {ri,l(‘i’—i; S), i (Gi(Wi; 6y); ri,O({’—i))}-

Since ¢; (Gi(wi;ﬁi); rio ((f_i)) and w; has the same quantile in
distribution G;(+;ri0(v_;)) and G;(+;9;) respectively, we also have
$i (Gi(Wi39;);ri0(V-;)) < W;. As ry;(W_;;S) represents the stan-
dard single-stage winning payment, this format aligns with the
established reserve price scheme in ad auctions [30, 35], despite the
dependence of this new “reserve price” ¢; (G;(W;;6;); rio(¥—;)) on
w;, providing a convenient approach for implementation.
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Algorithm 1: Two-Stage Auction with Discounts

Input: The bids profile (¥, W'),e[r]
Parameter: A two-stage monotone allocation rule (ys, x), a
non-negative, expectation-aligning and ex-post
IR entry fee rule 7, discount proportion k; and
tolerance parameter ¢;
Output: Auction outcomes (x*, p*);e[7]
1 Compute 7; = Ey-p[7;(v)], Vi;
2 Initialize L; = k;T - 7; + ¢; and d; = 0 for each bidder i;
3 Initialize the active bidder set A° = [n];
4 fort=1,2,...,Tdo
5 Set Al = A1,
6 Get the initial bids profile ¥* from bidders;
7 For each bidder i ¢ A'™!, sample 6! ~ f; to replace her

original &¢;
8 Determine the entering bidder subset by S? ~ yg(¥%);
9 Get the refined bids profile w’ from bidders;
For each bidder i ¢ A'"! and i € S?, sample

w! ~ g;(-;6") to replace her original w!;
for each bidderi € A'™! do

Update di = di + Tl'(‘}\lt) - (1 - kl) . ’f'i(flt,“A/t;St);
Ix; (W, wy, W ;ST)
aw;

Assignpf =1 -k 53, WS +p£1;
if d; > L; then

L Update A" = A"\ {i};

10

11
12

. W .
13 Compute p;, = /o L - dwi;
14

15
16

17 Assign x' = (x; (¥, W’;St))ie[n], and replace x! by

xi(0,92,,0, W’ ;S") fori g A'™1;

Assign p! =0fori g A1
Implement (x/, p*) for period .

18

19

THEOREM 5.1. Given any two-stage monotone allocation rule (ys, x),
the following realization-dependent entry fee rules satisfy the aligning
expectation and ex-post IR condition.

i (V)

Ui (V;0;)+7i (V)
charge entry fee £;(%,W;S) = - (W; - x;(V, W; S) — pi1 (¥, W; 5)),
where U; (V;0;), 7;(V) are defined by (ys, x) as in Theorem 4.1.

o (Quantile-Based Entry Fee) In the allocation with rank scores set-
ting, charge the entry fee 7;(¥, W;S) according to Equation (8
fori €S, and charge 0 fori ¢ S.

o (Proportional Entry Fee) For general setting, letn =

5.3 Auction Design with Discounts in Entry Fees

5.3.1 Discounts in Entry Fees. When promoting two-stage auctions,
even if ex-post IR is guaranteed under a realization-dependent en-
try fee, advertisers may take issue with incurring an additional
expense of entry fees, despite its necessity to elicit true values
and boost social welfare in static two-stage auctions. This moti-
vates us to provide discounts on entry fees based on the platform’s
choices. Since an ad platform may prefer to strike a balance be-
tween advertiser satisfaction and platform revenue, we introduce

3The formula assumes atomless conditional distributions. When atoms exist, the same
argument can be recovered by using standard randomized quantile within each atom.
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a parameter k; to regulate the proportion of discounts offered to
advertiser i. With k; = 0, no discount is provided, and the auction
charges the full (realization-dependent) entry fee defined by the
platform; conversely, when k; = 1, a full discount is provided to
advertiser i, such that she does not pay any entry fee. The theo-
retical guarantee of our design, i.e., ex-post IR and approximate
two-stage IC, holds for arbitrary k; € [0, 1], including (1) charging
the full realization-dependent entry fee (k; = 0) by, for example,
setting quantile-based reserve price in allocation with rank score
(Theorem 5.1); and (2) eliminating entry fees (k; = 1) and preserving
the standard single-stage payment format.

5.3.2  Auction Procedure and Analysis. The design of our auction is
inspired by the non-monetary artificial currency mechanism [14].
The formal process of our auction is presented in Algorithm 1. The
platform still implements the two-stage allocation rule in each time
period (Line 8 and 17). Besides the standard single-stage payment
pi1 (Line 13), we also charge the realization-dependent entry fee
scaled by the discount parameter, i.e., (1 — k;) - 7;(¥, W; S?) (Line
14). As we deviate from the static entry fee 7;(¥), the original IC
guarantee (Theorem 4.1) for each time period no longer holds. Since
the entry fee now depends on reported w;, bidders can deliberately
report a lower refined bid to reduce the entry fee in 7;(V, W; S%).
Even if we adopt 7;(¥, W; S*) = 7;(¥), the provided discount k; still
leaves room for bidders to report higher initial bids ;.

To avoid advertisers exploiting these beneficial designs, we en-
dow each advertiser with a discount upper limit L;, such that an
advertiser would be excluded from the auctions when her consumed
discounts, denoted by d;, exceed L; (Line 15-16). We compute d; as
the difference between the static two-stage IC entry fee should have
been charged, i.e., 7;(¥), and the actual amount of charged entry fees,
ie, (1—k;)-%;(V,W;S") (Line 12). Correspondingly, we set the upper
limit L; according to the expectation of consumed discounts un-
der prior distribution (Line 1-2), where we define 7; = Ey.p[7;(V)]
according to Equation (4), and ¢; is a parameter controlling the
tolerance of out-of-distribution realization. As a technical detail,
we replace the bids of excluded advertisers with sampled ones to
preserve properties of the static auction in analysis (Line 7 and 10).

The intuition behind setting a discount upper limit L; is as fol-
lows. For a truthful bidder i, her expected allocation under Algo-
rithm 1 remains the same as in the static two-stage auction, provided
that L; is not exhausted. As the expected total discount consumed
by a truthful strategy J; over T rounds is T - k;7; (by aligning ex-
pectation condition of 7;), the probability that this consumption
exceeds L; is upper bounded by Hoeffding inequality, thus limiting
the risk of mistakenly exclude truthful bidders. Conversely, the
additional discounts a dishonest advertiser can exploit are bounded
by a tolerance parameter ¢;. This setup introduces a tradeoff: se-
lecting €; involves balancing the upper bound of dishonest utility
increment against the risk of false penalties for truthful bidders. A
larger ¢; reduces false exclusion risks but weakens approximate IC.

THEOREM 5.2. For any auction mechanism M, defined by Al-
gorithm 1, supposing all the other advertisers report truthfully, the
time-averaged utility increment of any potential strategy B; com-

InT | 2u

pared with the truthful strategy I; is upper bounded by 2u,| =5~ + =
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under choice of ¢; = 2uNT In T. Moreover, the probability that a truth-
ful strategy would lead advertiser i to be mistakenly excluded from
auctions, ie.,i ¢ AT, is upper bounded by T™1.

Theorem 5.2 implies our auction satisfies an e-approximate ex-
ante IC condition with e — 0as T — oo. To implement Algorithm 1,
the platform only needs to track each bidder’s discount consump-
tion d; and exclude them if d; exceeds L;. Since the computation of
discount consumption is a simple arithmetic based on static and
realization-dependent entry fees (Line 12), its implementation is
straightforward. In the case of full discounting (k; = 1), initial bids
serve solely as a reference for the platform to select the entering
bidder subset, yet our design of L; ensures incentive alignment and
prevents overbidding in the pre-auction stage.

6 Related Work

As the auction design for the formal auctions has been extensively
studied, previous work on two-stage ad auctions focuses on design-
ing the bidder subset selection rule with two major information
acquisition settings. In the first setting, the information augmented
in the formal auction is the refined estimation of CTR, while adver-
tisers retain the same private valuations across two stages. Both
deep learning methods [36, 40] and theory-based method [12, 13]
have been proposed to select a bidder subset with higher expected
social welfare, while guaranteeing the IC conditions. An online
learning variant has also been studied [24]. In the second setting,
advertisers learn their valuations only after entering the formal
auction stage, and the platform needs to select the bidder subset
based on their prior distributions [3, 15]. In contrast, we consider
a scenario where advertisers have different valuations across two
stages, which better outlines the change in advertiser valuations.
While economics literature has studied similar settings where
bidders could learn additional signals to refine their valuations in a
two-stage auction [11, 38], our focus and characterization results
are distinct. The line of work on indicative bidding [22, 32, 38]
examines this setting due to the high cost incurred by learning the
value of an item in high-value asset sales. They assume the second
stage of the auction to be fixed as standard auctions (e.g., second-
price auction), and mainly focus on the equilibrium properties for
different auction formats in the first stage. Another related line
of work investigates how the auctioneer could maximize profits
by disclosing additional signals to bidders and enabling them to
update valuations [11, 25, 27]. Despite the structural similarities
between their expected revenue results and our Theorem 4.3, they
concentrate on the specific revenue-maximizing auction, while our
results in Section 4 provide a general reduction to construct two-
stage IC auctions with a different IC concept for online ad auctions.
Our objective of reducing entry fees induced by IC conditions
aligns with the broader principles of non-monetary mechanism de-
sign [2, 8, 14, 16, 21]. The phenomenon of impossibility to achieve
ex-post IR is also discovered in a cost-per-action auction setting [34].
In particular, we adapt the idea of the artificial currency mecha-
nism [14] to provide discounts in entry fees of two-stage auctions.

7 Conclusion

In this work, we consider an auction model in which bidder valu-
ations change across two stages. Motivated by industry practice
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in online advertising, we study the design of two-stage incentive-
compatible auctions that allow bidders to submit and refine their
bids. We characterize feasible payment rules to truthfully imple-
ment any two-stage monotone allocation rule, and analyze its rev-
enue and IR properties. As the payment in two-stage IC auctions
features an additional entry fee, general two-stage IC auctions fail
to satisfy ex-post IR. Towards this limitation, we propose a dy-
namic two-stage auction with flexible discounts in entry fees. Our
mechanism allows realization-dependent entry fee, and can achieve
approximate ex-ante two-stage IC and ex-post IR with the payment
format of single-stage auctions when full discount is applied.

This work presents the formal game-theoretical analysis of two-
stage auctions with bid refinement in online advertising. Our find-
ings highlight the importance of entry fees in preventing strategic
misreporting, and demonstrate the feasibility of using discount
upper bounds as an alternative to regulate advertiser behavior in
bid refinement. Moving forward, we aim to leverage these theoreti-
cal insights to bridge the gap towards the practical deployment of
two-stage auctions in large-scale ad systems.
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A Missing Proofs
A.1 Proof of Theorem 4.1

Part 1. Characterization of Payment Rule. Fixing ¥ and S, the ex-
post IC condition for the formal auction stage is equivalent to the
classical IC conditions for single-item auctions. By Myerson’s sem-
inal result [29], following conditions are necessary and sufficient
to guarantee the IC conditions for the formal auction stage: V¥, S,
(1) x; (¥, W; S) is non-decreasing in w;; and (2) the payment satis-
fies p; (v, W; S) = [ w; - ZLEINS) 4y, 4y (§,0,W_;; S), with
Ui (‘AI, W; Wi, S) = /(;Wi X (\Af, \7111', W_;; S) dl;t/, - p,‘ (‘AI, 0, W_ij; S)
Then, the expected utility U;(¥;v;) equals

w;
Ew~g(019-1) [/ z;(V, W, w_;) dw; — ; (¥, 0, W—i)] .
0

To satisfy the interim IC conditions in the pre-auction stage for
advertiser i, considering the true initial valuation to be v; and the
strategy to misreport 0;, we require

wi
Ew~g(-;v,-,<r_,-) [/ Zi(vi,{'—i, ﬁ’i,W—i) - Zi({’: VNVi;W—i) dﬁ’i]
0

2By ;g (o) [0 (05 V-1,0,w_;) — q:(V,0,w_;)].

©

On the other hand, considering the true initial valuation to be 9;
and the strategy to misreport v;, we require

wi
Ewg(:%) [/ 2 (05, Vo, Wi, W) — 2 (V, Wi, W) dWi]
0

SBw_jmgi (oo [0 (05 V-3, 0, W) — qi (¥,0,w_;)].

(10)

Combining them and taking 4; — o/, we have
0q; (v;, V_;,0, w_;)
a()i
M 9z (03, Vi, Wi, W-;) v ]
— = dw;|.
80,»

Evw_j~gi(-0-1)

= Ewg(o0-1) [/
0

Considering that ¢;(0,v_;,0, w_;) = 0 and integrating over v;,
we then have

Ew_i*«g_i(';\?_i) [Qi(vb ‘A’—i’ 0, W—i)]

o
= / Ewg(-6:,9-1) [/
0 0
v; u
=Bw_img i) ['/0 ‘/0‘ gi(wi3 0;)
I

which could be further simplified to the expression in the statement
of Theorem 3. Here, we utilize the transformation

Y9z (05, Vo, Wi, W) |
—————dw;| dg;
8oi

(11)

= dVV, dW,’ dﬁ,] 5
6vi

Cgwion [ i) dsiidw = [ (1= Glawso))h(wi) dw
/Og(w 0)‘/0 (w;) dw; dw, ,/0(1 G(wj;0;))h(w;) dw,

for c.d.f. G(+;v;). Since an advertiser evaluates the auction outcomes
from an interim perspective in the pre-auction stage, any design
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of q; (v, V_;, 0, w_;) satisfying Equation (11) are equivalent for two-
stage IC conditions. Our payment rule in Theorem 4.1 assigns the
payment p;(v;, V_;, 0, w_;; S) to be the same for any S and w_;.

Part 2. Investigate Feasible Allocation Rule. Substituting the payment
rule back to Inequality (9), we require

u
Ewﬂwg—i(-;\ﬁi) l/ (1 _G(WiQUi))'
0

(2i (03, Vi, wi, W) = zi(V, wi, w_;)) dw;]

o U 0z; (03, V_j, Wi, W_; -
/ / (1= Gy(wy:dp)) - BV Wi Woi) 4o

0; 0 aZJi
(12)

We would now demonstrate the allocation rule with %;’i’“') >

0, Vv, w, could satisfy the interim IC conditions in the pre-auction
stage. The statement holds if we could show

2 EW—i~g—i(';f’—i)

T
/ (1= G(wi;07)) - (zi(vi, Voiy wi, W) — z; (¥, wi, w_;)) dw;
0

u U . 0z; (0;,V_;, wi, W_; B
> / / (l - Gi(Wi;Ui)) . l( ! l~ ! 1) dWl' dUi
0; 0 an

for any v;, v and w_;. By first-order stochastic dominance of G;,
if 0; < v;, then G;(w;;9;) > Gi(w;;0;) = Gi(wj;v;) for 0; € 05, 0;]
given fixed w;. Therefore, applying 1 — G;(w;;9;) < 1 — G;(w;;0;)
proves the statement. The case for 9; > v; holds similarly.

Part 3. Verification of Interim IR. With expectation of terms g; (¥, 0, w_;)
specified in Equation (11), U;(v;, V_;; v;) could be represented as

Ew_j~g_i(0-1) [/ (1= G(wi305)) - zi (v, V—j, W) dw;
0

are 92 (31, Vi,
—/ / (1= Gylwydy)) - 0¥ ®) g s
0 0 ov;

which is non-negative by the monotonicity of G(w;;-).

A.2 Proof of Proposition 4.2

Proor. We apply the Lebesgue-Stieltjes version of Theorem 4.1.

Case 1: i ¢ S (%), ie, advertiser i has h;o(9;) < h(_ki)o(\”l,i)
and does not enter the formal auction stage. By the non—decfeasing
property of h; o, the advertiser has no chance to enter the formal
auction with any 9; < 9;; therefore, z;(3;, V_;, w;, w_;) always keep
0 for 9; < 9;, leading Equation (4) and total payment to be 0.

Case 2:i € S(k)(fl), i.e, advertiser i has h;((9;) > hE’ci)O((r_i) and
enters the formal auction stage. As the rank scores in two stages
are independent, we can omit the influence of 4; on x; given S,
As Zi(ﬁi, \AI_,‘, Wi, W_,') = ng[n] ys(ﬁi, \AI_,‘) . xi(Zj,', \7'_i, W, S), which
may jump from 0 to I{w; > r;1(w_;;S)} only when 0; = r;(V_;)
for S = $®) (%), 7;(¥) in Equation (4) is equal to the expectation of

u
-/7;,1 (W_i:s(K) (%))
+
[(‘7\’1' - Vi,l(W—i;S(k) (‘A’))) ] s

over the randomness of w_; ~ g(-;V_;). As ys is deterministic, our
entry fee rule is equivalent to 7;(¥) in expectation. O

(1 - Gi(wss ri,O(‘AI—i))) dw;
(13)

wi~gi ([rio(¥-i))
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A.3 Proof of Theorem 4.3

ProoF. The first part of revenue on the entry fee from i is

/f(v)/g(w;v)-qi(v, 0,w_;)dwdv

= /vf(V) . g_i(w_i;v_i)/ovi/0+oo(1—Gi(Wi;5i))'

0z; (0, V_i, Wi, W_;)

dWi dﬁl dW_i dv (14)

a0;
-/ e /[ pweiv) / ” / - R

9z; (0, V_i, Wi, W_;)
82)[
Denote the c.d.f. of variable ¢; as H;. By the additive noise

assumption, we have G;(w;;v;) = H;(w; — v;), which indicates
9Gi (wisvi)

v
0z (i, V_ij, Wi, W_;)

[ =R -G - 2
=(1 = Fi(v:)) - (1 = Gi(wi30)) - 2i (03, Vi Wi, W) |52
- /0 [gi(wisvi) - (1= Fi(0:)) = fi(vi) - (1 = Gi(wi;0:))]

- zi(03, Vi, wi, w_;) do;

(1= Gi(w;;07)) - dw; do; dw_; dv_;.

= —gi(w;; v;). Applying integration by parts, we have

By our assumption on ys and z; (0, v_;, w;, W_
can thus be calculated as

i) = 0, Equation (14)
Gi(wi;v:) Fi(vi)

1-Gilwiv) 1-F
/vf(v)/wg(w,V)'( gi(wiso)  fi(or)

The second part of revenue is

/f(v)/ g(w; v)/Wl ; —azl(va‘:}: i) dw; dw dv
= [0 [ gwin) - -t
—/ zi(v, w;, w_;) dw;) dw dv
0
1 - Gi(w;;0;)

= /f(V)/g(WQV)'Zi(V’W) (Wi‘ gi(wi;0;)

Combining the two parts, the total expected revenue from advertiser

i is thus fv f(v) fw g(w;v) - z;(v, w) (wi - 1}?;3") ) dw dv. |

- zi(v,w) dw dv.

) dw dv.

A.4 Proof of Proposition 4.4

PRrROOF. Suppose a two-stage auction satisfies two-stage IC and
ex-post IR simultaneously. By ex-post IR and non-negativity, tak-
ing w; = 0, we must have ¢;(v,0,w_;) = 0,Vv, w_;. Suppose we
have two initial bids a < b such that Z;(b,V_;;v) > Z;(a,V_;;V).
This indicates f /0 gi(wi; 0;) fow' M dw; dw; do;, in
expectation over w_; ~ g_;(-;V_;), is strictly positive under our
regular full-supported assumption, contradicting with Equation
(11). Therefore, we must have Z;(9;, V_;; v) constant in 9;. O

A.5 Proof of Theorem 5.1

ProoF. (Proportional Entry Fee) As our choice of 7 is based on
the rule of the static two-stage auction, by its interim IR property,
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we have U;(V;9;) > 0, indicating n < 1. The realized utility after
charging 7 s (1=1)- (Wi - xi(9,; ) = [ w; - 220508009 g )
which is always non-negative. To verify the expectation of this
design aligns with the original entry fee, note that by definition,
Eng(-:9).5~ys (%) [Wi < xi(V, W3 8) = pit (V, W; 5)] =Ui(¥;9) +1:(¥),
thus the two terms exactly align under the choice of 7.

(Quantile-Based Entry Fee) We have shown in the main text
that the overall payment p;(¥, W; S) under this entry fee becomes
x; (¥, W; S)-max {r,:l V,w_;S), i (Gi(ﬁzi; 0i);Tio (f/_i))}. Aswehave
Xi,s(\A7, W) >0 indicating 271' > ri!()({/'_i) and \;Vi > V'i,l(VAV_i;S), the
first-order stochastic dominance property of G further indicates
wi = ¢i(Gi(wi;0;);ri0(V=;)), thus guarantees the ex-post IR. By
the equivalent form of entry fee in (13), we only need to verify

[(Wi = ria(W_i39))7]

E
Wwi~Gi (+|rio(¥-i))
+
= |(6:(G G603 10 (9-0) = ria Gvr-55)) |,
W1~Gz(\ i)

which holds by applying a substitution in integration with w; =
i (Gi(Wis 0); 710 (V-i)). o

A.6 Proof of Theorem 5.2

Proor. Given the allocation rules (ys,x) and payment rules
(%, pi,1), we use M to denote our mechanism in Algorithm 1, and
use M to denote the corresponding static mechanism with stan-
dard entry fee rule 7 in Theorem 4.1. We aim to bound the utility
difference U;(Bi; My) — U;(Z;; My) for any potential strategy B;.
We use P;(Bi; M) to denote the expectation of the sum of entry
fees terms 7; or 7; (depending on the specific mechanism) under the
same set of randomness. We may use u(B;; M) or p;o(Bi; M) to
denote a realization of a bidder’s accumulative utility or entry fee
over the entire T periods. We may use 7 or 7 only when indicating
entry fee at a single time step.

In M, a bidder i is excluded from the auction, i.e., treated as
reporting 0; = w; = 0, once her L; is broken. Therefore, for any strat-
egy B;, we could equivalently construct a new distorted strategy
B; which always reports (0, 0) after her L; is broken. By this def-
inition, we have U;(8; My) = U (Bi; My) and Pio(Bi; Mg) =
P,;O(f?i; My). Since B; is designed to always not excluded in Mg,
the total value of allocation aligns for Bin Myand M, i.e, U; (Zéi; Ma)+
(1-k)Pio (Zéi; My) = U (Bi; M) + Pi,o(@i;M), where we have
canceled out the static second-stage payment terms $;; as they
are defined as the same in two mechanisms. Specifically, for the
distorted truthful strategy 1, by aligning expectation property of
Po, we have E[fi(fft,v‘vt;st) | HEO, flt] = (V). Leta! =I{i €
A'~1} which is determined by the history before period t. There-
fore, Pio(Zi; Ma) = 21— Blal#:(¥4, W' )] = £, Bla!ni(¥)] =
P,0(Zi; M). This indicates U; (i Mg) = Uy (Z;; Ma) = Ui(Z; M)+
ki - Pio (1:, ; M). Therefore, we have

Ui (Bi; Ma) — Ui (1 Ma)
=U(Bi M) + Pio(Bis M) — (1 = ki)Pio(Bis Ma) — Ui (1i; Ma)
< (U (T M) = Ui (T Ma)) + Pio(Bis M) = (1 = ki) Pio (B Ma)
= (Us(Zs M) = Us(Tis M)) + Pio(Bis M) = (1= k) Pio(Bis Ma)

ki Pio(Zz M.
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where the inequality is by the IC property of static mechanism M.

Since bidder i is served in period ¢ only if d!™! < L;, and the
per-period increment 7; (V) — (1 —k;) - £; (¥, W; S*) is upper bounded
by u, we always have 7),»,0(@,-; M)-(1- k,»)?’,»,o(@i;Md) <L;+u.
Recall L; = ¢; + kiP;o(Z;; M), this indicates

Ui(Bis Ma) = Ui (1 Ma)
< (U(E M) = U M) )+ L+ T = i - Pio (s M)

= (Ui (T M) + ki Pio(Tis M)) = (Usdis M) + ki - Pio(Zis M)

+ € + U

For events that i € A throughoutt =1,...,T in My, we have
realizations u; (Z;; M) +k; - pio (Zi; M) = ui(Zi; M) +k; - pio (Zi; M).
On the other hand, for any potential realization, we always have
(wi (T M) + ki - pio(Tis M) — (i (I M) + ki - pio (I M)) < T,
as I; gets outside payoff 0 after exclusion and the realization of
first term in each period is upper bounded by u. Denote d; as
the value of d; achieved by truthful strategy Z; in Algorithm 1
at time ¢, ie, df(I; M) = ;’=1 -(1-k) - fi" + Tit/, we have
Ui (Bi; Ma) — Ui(I;; Mg) < Pr[3t € [T),dl(I; M) > Li| - Tu +
€ +u < Zthl Pr[d!(Z;; M) > Li] - Tu + €; + u, where the sec-
ond inequality is by union bound. By Hoeffding inequality, for
X := Yie[n) Xi where X;,i € [n] are independently distributed
in [a;, b;], we have Pr [X > E[X] + e] < exp (_ﬁf—a;ﬁ) By
design of aligning-expectation entry fee, we have Ié,[df I M)] =
t - k7, with f — (1 = k;)# € [—u, 7] for any potential realiza-
tion. Since L; = T - k;T; + ¢;, for any ¢ < T, Pr[d! (I;; M) > L] <

Pr [d! (Z; M) - E[d!(Z; M)] > &] < exp (—F) < exp (— )

2T
and taking ¢; =

2
Applying Pr[d} (I;; M) > L] < exp (—2;%2)

2uNTInT, we have U; (Bi; My) — Ui (1;; My) < 2u + 2uNTInT,

which indicates our utility increment statement. This also indicates

the probability of wrong exclusion, i.e., the term Pr [Et, di(I; M) > Ll-] ,

€2
is bounded by T exp (——') =T7L

|
2Tw?

B A Synthetic Illustration of Bid Refinement

In this section, we present simple synthetic experiments to illustrate
the two-stage auction environment and the role of bid refinement.
The experiments focus on providing intuition for the modeling
motivation and the potential value of bid refinement, while the
mechanism itself is analyzed theoretically in the main text.
Experiment Setting. Each auction contains n = 30 bidders and
k =5 entrants. Motivated by the standard bid x CTR abstraction,
we decompose bidder i’s per-impression value into a value-per-
click component v; and the quality component c;. Thus, ¢; plays
the role of the coarse CTR estimated in the pre-auction stage, and
the initial valuation is v; = v;c;. In the formal stage, the refined
information of v; and ¢; becomes available. We model this by w;
max{0, v; + €/}, ¢; = clip(c; + €, 0, 1) with second-stage refinement
variables €/, €/ and refined valuation w; = w;c;. The value-per-click
components are privately revealed, while the quality components
are publicly known. As the primary auction design objective, we
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Table 1: Average social welfare in static synthetic auctions.

Bi B, By Ours || OPT
Cii 4052 3927 3.990 4.093 || 4.094
Ci; 3850 3510 3.423 3.882 || 3.902
Cis 3950 3218 2902 3.974 || 4.09
Cy 3433 3.690 3371 3.838 || 3.861
Cp 3271 3310 2883 3.576 || 3.683
Cps 3325 3.060 2422 3.551 || 3.867
Cs 2874 3928 2803 3.950 || 4.094
Cs; 2751 3515 2380 3.563 || 3.906
Cs; 2728 3215 1957 3.337 || 4.093

evaluate social welfare, defined as the realized refined value of the
winner; therefore, we instantiate each auction with the natural
greedy selection rule for its available information.

Baseline Auctions. We consider three baselines: two-stage auc-
tions that only elicit the first- or second-stage bid, and the single-
stage auction. In detail, B; selects entrants by v;c; and allocates
among entrants by v;c;. By selects entrants by E[v;]c; and allocates
by w;. Bs is a single-stage auction directly allocates based on v;.
We also consider anoracle OPT that allocates based on refined w;
over all bidders, which drops the second-stage entrant constraint.
We implement each auction to be incentive compatible, and thus
assume bidders to report truthfully.

Distribution Configuration. We use uniform distribution in simu-
lations. To inspect the performances under various informativeness
of the first-stage attributes, we consider 9 noise levels for two com-
ponents. Let V3, V3, V3 denote the value-component settings

Vi:vi ~U[0555], € ~U[-0.5,0.5],
Vz N Tlad U[lS, 45], Eiv ~ U[—1.5, 15],
Vs:vi ~U[25,35], € ~U[-25,25],

and let Qy, Q;, Qs denote the quality-component settings

Qi :¢ ~U[0.1,09], € ~U[-0.1,0.1],
Qs :ci ~U[0.25,0.75], € ~ U[—0.25,0.25],

i
Q3 & Bad U[0.4, 0.6], ei” ~ U[—0.4,0.4].

Configuration Cg,, combines V; and Qp,.

Experiment Results. Our results are averaged over 10° runs. As
shown in Table 1, our bid refinement scheme consistently achieves
better social welfare due to its utilization of up-to-date, accurate
information. Since B; refines only the quality (CTR) component, it
performs better when the value component is stable, but degrades
as the noise in v; increases. Conversely, B, benefits from refined
formal-stage values and becomes stronger when value refinement
is important. Bs uses neither refined bids nor refined CTRs, and
therefore deteriorates most clearly as the discrepancy between the
two stages increases. The remaining gap between bid refinement
to OPT reflects the intrinsic limitation of two-stage architecture:
bidders excluded in the pre-auction stage cannot be recovered later.
This supports the role of our bid refinement scheme as a truthful
way to exploit refined valuations within the operational constraints
of two-stage ad auctions.
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