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Abstract—With the development of federated learning and
mobile computing, federated bandit frameworks have been
proposed to enable multiple clients to explore and exploit
collaboratively under the guarantee of data privacy. However,
none of them take the widespread budget constraints into
account. In this work, we introduce the Federated linear
Bandits framework with Knapsacks (FBwK), where M clients
can pull K arms with linear rewards and costs to minimize
the total regret under the coordination of a central server.
For FBwK, we propose a new definition of OPT solution
and a bandit algorithm, namely FedUCBwK. Specifically, we
design a uniform policy parameter update threshold for each
client, which balances regret, communication, and computa-
tion costs. In this process, the central server uses a factor
on knapsack constraints to pace the budget consumption
and preserve the clients’ privacy by transmitting model
updates instead of raw data. We conduct a theoretical analysis
and show that FedUCBwK achieves a sublinear regret with
logarithmic communication and computation. Evaluation on
real-world mobile application datasets demonstrates that
FedUCBwWK consistently outperforms existing methods across
diverse tasks.

Index Terms—federated bandits, bandits with knapsacks,
federated learning

I. INTRODUCTION

Many real-world mobile applications, such as personal-
ized recommendations [1], [2], mobile advertising [3], [4],
crowdsensing [5], [6], require sequential decision-making
under uncertainty, where agents must select actions over
time to maximize long-term cumulative rewards. The multi-
armed bandit (MAB) framework [7] serves as a canonical
model for such problems, characterizing the fundamental
trade-off between exploration and exploitation. With the
rise of federated learning (FL), decentralized decision-making
has become viable across privacy-sensitive and bandwidth-
constrained clients. Federated bandits [8], [9] extend MABs
to this setting, allowing clients to interact with local environ-
ments while jointly optimizing global policies via a central
server, without sharing raw data. However, existing work
does not account for a key real-world challenge: resource
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and budget constraints that persist throughout the learning
process [10], as shown in Fig. 1.

In many mobile applications, budget constraints are funda-
mental to how decisions are made and enforced in practice.
These constraints are typically imposed by a central con-
troller (e.g., a server) based on overall financial, operational,
or policy limits, and are consumed incrementally by the ac-
tions of individual clients. For instance, in mobile advertising
[3], an advertiser allocates a global advertising budget, and
each client consumes part of it whenever an ad is displayed.
In wireless network configuration [11], a mobile network
operator limits the total number of parameter changes to
avoid service disruptions and energy overhead. Similarly,
in crowdsourcing platforms [12], [13], the central platform
allocates a fixed incentive budget, and each task assignment
deducts from this budget to reward participating workers.
These diverse scenarios share a common structure: each
action incurs a cost, and the overall policy must optimize
utility while satisfying global budget constraints. While prior
FL works consider resource constraints, they predominantly
focus on communication or computation overhead [14], [15]
in mobile applications, which differ fundamentally from the
hard budget bounds on action-level costs we consider.

To capture this structure, we formally model the problem
as Federated Bandits with Knapsacks (FBwK), a novel for-
mulation where multiple clients collaboratively learn arm-
selection strategies under a shared global budget constraint.
While prior work has made significant progress on Bandits
with Knapsacks (BwK) [10], [16], [17] and FL [8], [9], [18],
[19], their solutions cannot be directly applied to the FBwK



setting due to the following key challenges:

The first challenge lies in the high computational cost
required to satisfy knapsack constraints on the client side. A
standard approach to BwK! [10], [16] solves a linear program
(LP) in every decision round. However, mobile clients typi-
cally lack the capacity to perform complex optimization pro-
cedures [20], making these methods impractical in federated
environments, because the computational overhead becomes
especially prohibitive as the number of clients or arms
increases. Oracle-based alternatives for contextual BwK [17],
[21] are theoretically attractive, but they rely on strong
assumptions about supervised learning subroutines [22], and
are rarely feasible in real-world mobile settings. Thus, to
enable scalable and deployable FBwK algorithms, it is es-
sential to design lightweight client-side solutions that reduce
the number of LP computations while still offering provable
regret bounds and competitive empirical performance.

The second challenge arises from the interplay between
communication and computation costs in FBwK. Existing
federated bandit algorithms [8], [23] primarily consider com-
munication overhead, but overlook the significant compu-
tational burden imposed by solving BwK subproblems on
clients. Effective learning in FBWK requires a synchronization
scheme that jointly coordinates communication and local
computation. If clients update policies purely locally without
timely communication, they cannot leverage complementary
information from others, leading to biased updates. Con-
versely, if clients communicate frequently without sufficient
local training, the exchanged information may be poorly
optimized and offer little value. Crucially, synchronization in
FBwK is not a simple combination of existing approaches.
This is because they use different intuitions to ensure a
lower regret?’, and naively merging them may result in
compounded errors and high cumulative regret. Therefore, a
unified synchronization scheme is needed, which jointly op-
timizes communication, computation, and regret, with formal
guarantees.

The third challenge comes from the need to preserve
the privacy of the client. Prior works [8], [15], [25] often
add noise or perturbations to raw data to ensure differen-
tial privacy. However, such mechanisms inevitably degrade
model performance and may still risk privacy leakage in
high-dimensional settings. To mitigate this, we follow the
traditional federated learning paradigm [26] and transmit
only model parameters instead of raw data. However, in the
federated bandit setting, the transmitted parameters are local
estimates rather than fully trained models, which may lack
sufficient information to accurately recover global statistics
or compute effective arm-selection strategies. This necessi-
tates a new parameter aggregation and estimation approach

!The BwK problem is the sub-problem solved locally by each client. Please
refer to Section IV for more technical details.

2Methods to reduce communication costs in the federated setting are de-
signed to address parameter estimation deviation caused by communication
delays [18], [24], while those for reducing computation costs under knapsack
constraints aim to manage the deviation due to budget loss [17], [21].

tailored for federated bandits, one that preserves privacy
without sacrificing decision quality.

In response to these challenges, we develop a unified solu-
tion that balances computation, communication, and privacy,
while respecting global budget constraints and providing
theoretical guarantees. We summarize our main contributions
as follows.

o We formulate the federated linear bandits with knap-
sacks (FBwK) problem to model sequential decision-
making in mobile applications under global knapsack-
style resource constraints. We introduce a new regret
benchmark (OPT) and prove that it serves as a valid
upper bound on the global optimum by decomposing
the FBwK problem across multiple clients.

o We propose a novel algorithm, FedUCBwK, to solve the
FBwK problem under a linear reward/cost model and
static context setting. FedUCBwWK coordinates compu-
tation and communication via a unified epoch-based
threshold: it triggers policy updates at clients and
parameter aggregation at the server. To avoid bud-
get overspending, a budget-control factor is integrated.
Privacy is preserved by transmitting model updates
rather than raw data. We further provide theoretical
guarantees for FedUCBwK, including a regret bound
of O (d\/MT log(MT) (%5 + 1)) with high proba-
bility, and communication and computation costs of
O (Md?*(d+ K)log MT) and O(Mdlog MT), respec-
tively.

o We conducted extensive experiments in two real-world
scenarios: mobile ad recommendation and mobile crowd-
sourcing. The results show that FedUCBwK significantly
reduces cumulative regret by up to 94. 47% compared to
state-of-the-art federated bandit methods, while achiev-
ing logarithmic communication and computation costs.

II. RELATED WORK

The multi-armed bandit (MAB) problem is a classical
framework for sequential decision-making under uncertainty,
balancing exploration and exploitation [27]-[29]. In contex-
tual bandits, each arm is associated with a context vector,
and the expected reward is modeled as a function of the
context [2], [30]. Linear contextual bandits, in particular, have
been extensively studied [31], [32], achieving O(v/T') regret
bounds using UCB-style strategies. These models have been
successfully applied to various real-world decision-making
problems [33]-[36].

Distributed and Federated Bandits Recent efforts have
extended MABs to distributed and federated settings, address-
ing privacy, coordination, and communication efficiency [8],
[15], [23], [25], [37]-[40]. Early works explored collision-
avoidance strategies [37] and cooperative estimation under
delayed feedback and limited communication [23], [38]. More
recently, federated bandits (FB), inspired by federated learn-
ing, have gained attention. Several works focused on privacy-
preserving algorithms via secure aggregation or differential



privacy [8], [25], while others designed communication-
efficient protocols under master-worker or decentralized
frameworks [15], [18], [19]. Huang et al. [9] proposed a linear
contextual FB model with parameter-only transmission. Re-
cent works also consider agent heterogeneity [39]-[41] and
combinatorial extensions [42], [43]. However, none of these
approaches consider the resource constraints (e.g., budget or
cost per action) that naturally arise in practical applications
such as mobile recommendation or crowdsourcing, which
motivates our study on federated bandits with knapsacks.

Bandits with Knapsacks BwK introduces budget or re-
source constraints into the MAB framework. BwK is first
studied by Badanidiyuru et al. [10], who proved that the
regret achieved by both algorithms is optimal up to polylog-
arithmic factors. Later, based on the optimal regret, Agrawal
et al. [16] further proposed optimal algorithms for con-
cave rewards and convex knapsacks. These works focus on
static context or context-free bandits. The contextual BwK is
first considered by Agrawal et al. [17], [21], who proposed
computationally efficient solutions based on an optimization
oracle. Recent studies expand into combinatorial [44], ad-
versarial [45], [46], and other contextual extensions [47].
However, these assume centralized access to data and ignore
client-server privacy and communication challenges.

III. PRELIMINARIES

We consider a federated linear bandit with knapsack con-
straints under the server-clients framework. There are M
clients, each accessing the same set of K actions (arms)
denoted as [K] := {1,2,..., K}. At each time slot ¢t € [T],
each client m € [M] pulls an arm a; ,, € [K] and observes
both a reward 7 ,,, and a resource consumption ¢ ,,, which
depend on the client-specific context vector x(a;,,) € R?
associated with the selected arm. To simplify the budget
allocation problem, we assume that each context vector
x(at,m) is drawn from a fixed distribution, i.e., the context
is static over time. This modeling assumption is practical
in many scenarios; for example, an advertiser with a fixed
budget often allocates it across similar advertisements or
batches of the same product type. Clients collaboratively
perform periodic policy updates and communicate under
the coordination of a central server to optimize the global
objective. A fixed total budget B € R, imposes a hard con-
straint on cumulative resource consumption. The algorithm
terminates at the earliest time 7 when the total consumption
reaches B.

Linear Structure of Rewards and Costs To capture the
correlation in arm outcomes across clients, we assume linear
models for both rewards and costs. Specifically, the reward
is given by 1, = (0,%(arm)) + nf,,.where 8 € R
is an unknown parameter vector and 7;,, is zero-mean
noise bounded in [—1,1]. Similarly, the cost is modeled as
ctm = (B,@(atm)) + 1, where 8 € R? is unknown
and 7y ,,, is zero-mean noise bounded in [~1, 1]. This linear
assumption is widely adopted in contextual bandits [2], [9],

[17], [30], offering both modeling flexibility and theoretical
tractability.

Computation Each client updates its policy by solving a
BwK subproblem formulated as a linear program (LP), as
detailed in Section IV. We define the computation cost as the
total number of optimization problems solved throughout the
algorithm.

Communication We assume clients periodically communi-
cate with the server under negligible latency. In each round,
clients transmit locally accumulated parameter estimates to
the server, which aggregates them into a global estimate and
broadcasts it back. We define the communication cost as the
total number of server—client communication rounds.

Privacy We assume static client contexts, i.e., user charac-
teristics and data distributions remain unchanged during a
period. Although not time-varying, the context ®(a ) rep-
resents personal information, and the reward r; ,,—such as
user feedback in recommendation or advertising systems—is
also sensitive. Therefore, both x(a;,,) and r¢,, are kept
private throughout this work.

Regret The objective of the central server is to minimize
the expected cumulative regret across all clients:

Regret(T') = OPT — <Z (0, x( atm)>> , (1)

subject to the global budget constraint: Zf\il Zle Ctom <
B. Here, OPT denotes the total expected reward for the
optimal policy, as formally defined in Section IV. The goal
is to design an FBwK algorithm that minimizes regret while
ensuring efficient communication and computation, and sat-
isfying client-side privacy constraints.

IV. OPT ror FBwWK

As mentioned above, we define regret as the gap between
the total reward achieved by the bandit algorithm and the
OPT reward obtained by an ideal dynamic policy, maximizes
the expected cumulative reward under the budget constraint,
assuming full knowledge of reward and cost distributions. To
facilitate regret analysis in FBwK, we first introduce a linear
programming (LP) relaxation of OPT, denoted as OPT-LP.
Since our setting involves a distributed (federated) system,
we further extend OPT-LP to capture the decentralized nature
of the problem, and refer to this relaxation as OPT-FED.

A. OPT-LP

We define a linear programming relaxation for maximizing
the expected total reward under a mixed policy over arms.
Given expected reward vector " X and expected cost vector
B7 X for each arm, the relaxed problem is formulated as:

maxp, 0" Xp
st.  BTXp<Z, )
peA



where X € R¥X is the matrix of context vectors for
the K arms, and A = {p : Efilpi = 1,p; > 0,1 =
1,..., K} is the probability simplex over arm-selection prob-
abilities, where p; is the probability of pulling arm . Let
LP(6" X,B8" X) denote the value of this LP-relaxation. It
can be shown that [10]
LPO'X,8"X) > %. (3)

Hence, T-LP(8" X, 3" X)) provides a valid upper bound for
OPT and is denoted as OPT-LP.
B. OPT-FED

In the federated BwK setting with M clients, budget alloca-
tion across clients becomes essential. Under the static context
assumption, the centralized BwK problem can be decomposed
by distributing the budget equally among clients. We first
allocate the total budget B evenly across T rounds, and
further divide each per-round budget equally among M
clients, yielding an individual client budget of B/(MT). For
each client m € [M], the LP relaxation becomes:

maxp,,, 0" Xp,,
st.  B'Xpm < Bm , (@)
Pm =0

where B,, is the budget allocated to the client m, and p,,
denotes its local arm-selection distribution. As the contexts
are static, we can use a uniform X for all clients. We use
Pm > 0 instead of p,,, € A for the convenience of proof, as
the latter solution can be normalized as a specific solution
for the former. The dual problem of Equation (4) is:

min,, . Boym
s.t. ,BTXym >0TX . (5)
Ym > 0

Suppose there is an optimal solution for the above LP, then
we have B,, > min(8" X) for each client m. An intuitive
understanding is that the allocated budget must be higher
than the arm with the lowest cost. Otherwise, there will be
no arm that can be pulled. Strong duality [48] ensures that if
a feasible solution exists, then: 8" X p,, = B,,ym. Because
all clients share the same context matrix X, they will obtain
the same dual variable y,, = y. The total expected reward
across M clients is:

B
R = Bpnym =By=M— - yn,. 6
m%:w Y Y 7Y (6)
This shows that the total reward is invariant to client-level
budget decomposition, as long as all clients solve the same
LP. In practice, once a client’s budget is exhausted, it ceases
to participate in arm selection.

Finally, for any 87 X,37 X, let LP-FED(8" X,3" X)

denote the value of the following linear program.

maxp 0" Xp
st.  BTXp< 2. (7)
peA

We replace OPT-LP with M7T-LP-FED(8" X, 3" X), which
is denoted as OPT-FED in the analysis of regret.

V. DEesiGoN oF FEDUCBwWK

In this section, we introduce FedUCBwK, which balances
regret, communication, and computation through epoch-
based coordination. The core idea is to improve efficiency
by jointly controlling the timing of policy updates and
server—client communication. The design is based on a key
observation that within a short period, the accumulation
of new information (ie., selected arms and observed re-
wards/costs) is limited, leading to minimal changes in param-
eter estimates for @ and 3. Therefore, we can divide the time
horizon into multiple epochs, where both LP-based policy
updates and parameter aggregation are performed only once
per epoch. To segment these epochs, FedUCBwWK evaluates
the change in information gain and applies a unified thresh-
old that jointly accounts for estimation variance and the cost
of computation and communication. Additionally, a budget
control factor is introduced to prevent overspending and
ensure feasibility under the global budget constraint. By coor-
dinating these components, FedUCBwK achieves a principled
trade-off among regret, communication, and computation,
supported by rigorous theoretical guarantees.

We now describe how FedUCBwWK ensures client-side pri-
vacy. The algorithm transmits only the estimated parameters
0 and (3 between the server and clients, while keeping all
raw data local to each client. Additionally, instead of sharing
the global budget B, the server distributes a per-client budget
of B/M, so that each client operates independently without
access to the total budget.

The algorithms for client m and the central server in
FedUCBwWK are shown in Algorithm 1 and 2, respectively.
At initialization, each client m pulls each arm once (Lines
3-4, Alg.1), and observes the feedback (the corresponding
reward and cost) to initialize local estimates éma and ,@m@.
After initialization, FedUCBwWK proceeds in epochs until
termination (i.e., the time horizon 7T is reached or the budget
is exhausted). In each epoch e, client m selects an arm based
on the policy computed at the end of the previous epoch (Line
6, Alg. 1). It then records the number of times each arm a is
played (f(m,a)), update the Gram matrix V; ,, (the sum of
outer products of the pulled contexts), accumulates both the
total reward R,, , and total cost ), , for each arm (Lines
7-11, Alg.1). The Gram matrix V; ,, of client m captures the
accumulated information about arm selection up to time ¢,
and directly influences the variance of parameter estimates
ém o and ﬁ7,L,a. To determine when to synchronize with the
central server, FedUCBwWK evaluates the following condition:

det(Vim) _ |,

det(Viy )~ ®)

where ¢y is the start time of the current epoch and D
is a predefined threshold. The determinant ratio quantifies
the relative increase in accumulated information during the
epoch. Once the threshold is exceeded, communication with
the server is triggered (Line 12, Alg. 1). Using the total
number of times arm a is selected (f(m,a)) and the cor-



Algorithm 1: FedUCBwK: The Client m

Input: Time slots 7', Threshold D, Budget factor €

1 Receive the budget B/M, e « 0, t + 0;
2 while not satisfy the stop condition do
3 if t < K then

4 L Pull arm a; p, = ¢;

5 else

6 L Pull arm a¢ ,,, according to probability p®~!;
7 Update f(m,arm) < f(m,apm) + 1;

8 Get the reward 7 ,,, and the consumption c; y,;

9 Update V, ,, < Vi + ac(at)m)w(aum)—r;

10 Update Ry, q < Rpm,q + Tt,m;

11 Update Ciy, o <= Cpna + Cooms

12 if (det Vi, /det Vi, m) > D ort = K then

Ne Ry a w(at,m) .
13 Orna < (f(m,a)) T (az,m)?’
Qe Cm.a x(at,m) .
" m.a "\ Fima) ) Taarm)?*
15 Send 65, ,, By, > f(m,a) for each a to the
central server;
16 Receive 6¢, 3¢,V ¢ from the central server to
calculate 8¢ and (3¢ _
maxpye XTOepe
17 Solve PeEA T Fe e p B
X Bp <=6y
18 Viem & Vim, e <—e+1;

19 t+—t+1;

Algorithm 2: FedUCBwK: The Central Server

Input: Time slots 7', Number of clients M, Budget B

1 Initialization: Send B/M to each client;
2 e+ 0
3 while not reaching the time horizon T do
4 if A communication round is started then
5 Receive éﬁ%a, Afma from each client m;

y 0r(0n)
6 Ve« Zme[M] ZaE[K] f(m,a)w,
7 BAe = (Ve)_l(Zme[M] ZaE[K] f(m, a)@ima);
8 /86 — (Ve)il(ZnLE[M] Zae[K] f(mv a)ﬁren,a);
9 Send ée, ,@e, and V¢ to each client;
10 e<—e+1;

responding cumulative reward R, ,, client m estimates the
Ae . . . . .
reward parameter 67, , via projected linear regression:

A Rina | (a1m)
6, , = ’ I
m,a (f(m,a) ||212(at,m)H2

Similarly, the cost parameter Bfn’a is estimated using the
cumulative consumption Cp, , in the same manner (Lines
13-14, Alg. 1).

After local estimation, all clients send their calculated

parameters and arm pull counts to the server for aggrega-

©)

tion (Line 15, Alg.1). Due to privacy-preserving constraints,
the server only has parameters éfna and B¢, , for each
arm, without observing the corresponding context vectors
x(a¢,m). Since both 67,  and x(a;m,) are in the same
direction, the server can recover the normalized context

. . Ae /\e
direction as 6y, ,/ Bm,a(L

times each arm was pulle

. Combined with the number of

, the server can perform weighted
aggregation to estimate global parameters without accessing
any raw context information (Lines 6-8, Alg. 2). Then the
server sends the aggregated global parameters Ve, 6¢, 3¢
back to each client (Line 9, Alg. 2).

After receiving the aggregated parameters from the central
server, each client confidence sets Cj; C R< and (C"B C R?
for @ and B3, respectively, in epoch e. Following standard
techniques in linear bandits [30], each confidence set takes
the form of an ellipsoid centered at the global estimate.
Specifically, the confidence set for 8 is defined as:

g:{eeRd;‘éE—euwgee}, (10)

where £, = \/210g (det(VQUQ;let()J)*l/?) 4+ A2 The set

C§ is constructed analogously. This construction motivates
the synchronization condition in Eq. (8): the volume of
the confidence ellipsoids, which controls the uncertainty in
parameter estimation, scales with det(V; ). If det(V; )
does not increase significantly during an epoch, the confi-
dence bound remains nearly unchanged, and recomputation
or communication is unnecessary. Thus, in epoch e, we
replace det(V;,,,) with the epoch-level quantity det(V®)
to quantify information accumulation. To select arms, we
adopt the principle of optimism in the face of uncertainty, as
used in LinUCB [2], [30] and UCB algorithm for BwK [16].
Specifically, each client constructs an optimistic estimate of
the reward parameter @ as:

ée = e m 6
argmaxgece (£%<w(at’ ), 9)),

(11)

and similarly obtains a pessimistic estimate B¢ for the cost
parameter by minimizing over Cj. This yields an upper
confidence bound (UCB) for reward and a lower confidence
bound (LCB) for cost. Each client then selects the arm a that
maximizes the ratio of these bounds, balancing reward gain
against resource consumption (Line 16, Alg. 1).

Then each client then updates the arm-pulling policy for
the next epoch by solving the following linear programming
(Line 17, Alg. 1):

maXpeeA XToe. p¢

s.t. XTB-pr<(1—e)L
where A denotes the probability simplex. The multiplicative
factor (1 — €) introduces a safety margin to account for
estimation errors in ,@e, preventing premature termination
due to overestimation of cost. The detailed role of € in regret
and budget analysis will be discussed in the next section.
After computing the policy p®, each client resets V4, ,, and
proceeds to the next epoch (Line 18, Alg. 1).

(12)



VI. THEORETICAL ANALYSIS

In this section, we provide theoretical guarantees in terms
of regret, communication, and computation costs.

A. Regret Analysis

Theorem 1. With FedUCBWK, we can get a regret with a high

s dvVDMT log(MT
probability 1 — ¢, e = %’

Regret(T) = <d\/ log(MT)(% + 1)> (13)

Lemma 1. We define the difference between the realized
reward and the expected reward using the upper confidence
bound of pulled arms as:

T M

t=1 m:l

Then the Diff(T) is bounded by O(dv DMT log(MT)).

at m)> (14)

Proof. First, although the same estimator 6¢ is used through-
out each epoch e, we denote it as 6, ,, in the analysis to
explicitly indicate the time step ¢ and client m, i.e., étym = ¢
for all ¢ € e. Let the algorithm proceed over E epochs. We
denote by V¢ the aggregated Gram matrix in epoch e. By

the design of the communication threshold, we have:

< detWi)
det(Vj-1)

Otherwise, there will be a synchronization. We imagine the
MT pulls are all made by one client in a round-robin fashion.
’[his client takes a1 1,a1,2,...,a1,M,021,- ., 07, 7). We use
Vim = M+ Y ap<tviv=tng<m)y T(0a)2(apq)" to
denote the Gram matrix this imaginary client can collect
when he gets to x(a;,,). And by our algorithm, each client
m will use the random policy received from the central
server, generated by the aggregated Gram matrix V¢ in each
communication round. Thus, we can bound the gap between
the Gram matrix as:

det(Vim) _

det(Vi) _ p.
~ det(Ve) T det(Vj—

1)~

Therefore, by Lemma 6 in Appendix,

<,/dlog ) \/a: (at,m)T (V) (ar,m)
<0 <\/dlog z;) \/a:(at,m)Tf/;,"lL
<0 <\/dlog ) \/Dw (at,m) T‘z’_nlbzz:(at,m).

We now extend the single-client analysis to the federated
setting by bounding the accumulated difference across all
clients. Let B, denote the set of (¢,m) pairs belonging to
epoch e. By applying Lemmas 2, 3, and 4 in the Appendix

diff, ,,, < O

det(f/mn)

2(arm)  Gep(ve)

and setting v = dDMT log (%) we obtain the following
bound on the cumulative estimation error across all epochs:

e=1 (t,m)eB,e

M E E
DIiT) =YY" > diff,,, < JMTZ > diff,,
m e=1 (t,m)EBe e=1 (t,m)EB,
E
<o (JWZ > win ([ s, ,1))

det (V'B)
=¢ (\/“0g (dewo)))
< O(dvV'DMT log(MT)).

Next, we show that 0~t7m and Bt,m estimates satisfy the
following properties. With probability 1 — M4, let p =

o) <d\/DMT log(MT)):

Property (1):  8;.,, > 0, B;.m < B

Property (2):

T M
Z (X 0t mPt — <07w(at’m)>> < p,
t;l n]z\/[:l )
Z Z (XT/Gt,mpt - (@w(at’m») < eB.
t=1 m=1
Since E [(612(arm)) | pe X 0| = X760, we

can obtain, using Lemma 5 in Appendix, with probability
1—-9,
T

Z(<ét,ma x(asm)) — XTét,mpt)

t=1

< 0(+/log (d/0) ).

Then, according to DifiT) in Lemma 1, we can bound the
gap between the realized reward of the pulled arm and
the expected reward under the fractional solution using the
upper confidence bound:

A similar bound holds for the consumption estimation in-
volving 3. Then we can set € = d—'DAHB}Og(Mﬂ. Till now,
we can get Property (2). By Property (1), the definition and

problem decomposition of OPT:

M T ~ M T ~ ~
Z ZXTet,mpt = Z ZLP <XT0t,m>XT/Bt,maE)

m=1 t=1 m=1 t=1
> MTLP(0"X,8"X,¢)
> (1—¢€)OPT,

M T

S XTBimpe < (1-€)B.

m=1t=1
(15)
Then, using Property (2) above and Equation (15), we can
satisfy the hard constraint. i.e,

(B;x(ar,m)) < B.

t=1 m=1



Thus, the algorithm will not terminate before time 7. We
denote the total realized reward we get is Rew, Rew =

S M (0, 2(arm)). Then

Rew > (1 - €)OPT — O (VDM T log(MT)) .

dvDMT 1og(MT)OPT)
B b

€OPT = O(
Regret(T) = OPT — Rew

= O(d&VDMT log(MT)( 2L 11

).
B. Computation Cost

Theorem 2. Using the FedUCBWK algorithm, the computation
cost is bound by O(Mdlog 24L).

In Algorithms 1 and 2, FedUCBwK triggers LP computation
only when the design matrix V' has accumulated sufficient
new information. This is determined by a threshold D: a new
epoch begins when

det(Vj41)

det(V;)
This ensures computation is performed only when necessary,
reducing redundant updates. Therefore, to analyze the total
computation cost, it suffices to bound the number of such

epochs triggered by this determinant-based condition. By
Lemma 3 in the Appendix, we can get

> D.

P-1
det Vg, MT

PlogD < log <]> < dlog (14—),
jz::o det V bV

where P denotes the total epochs. It will be bounded by

T

P < O(dlog %). (16)

LP calculation is done on each client. Thus, the computation
cost is O(Mdlog 22'). This result shows that FedUCBwK
achieves logarithmic computation cost scaling with the time

horizon T.

C. Communication Cost

Theorem 3. Using the FedUCBwWK algorithm, the communi-
cation cost is bound by O (Md?(d + K)log 24L).

Communication is only required at the end of each epoch
when each client sends O(dK) parameters to the server
and then receives O(d?) parameters. Therefore, in each
epoch, the communication cost is O (Md(d + K)). Hence,
further according to the upper bound of the number of
epochs in Equation (16), the total communication cost is
O (Md?(d + K)log L),

Combining the above theorems and setting D
as a constant, we can get a regret bound of
O(dvVMTlog(MT)(%E + 1)) with a high probability,
under O (Md*(d+ K)log MT) communication cost
and O(Mdlog MT) computation cost. Thus, FedUCBwK
achieves logarithmic communication cost scaling with the
time horizon 7.

VII. EXPERIMENT RESULTS

We evaluate the performance of the proposed FedUCBwK
algorithm on two real-world datasets across three task
settings, comparing it against five baseline algorithms.
FedUCBwK-FullCom refers to the variant where clients com-
municate and solve the LP problem at every time step,
which can be regarded as an optimal bandit solution in
a centralized setting. FedUCBwK-FewCom performs only
infrequent communication and computation, using a large
threshold D. We further compare FedUCBwK with other
federated and distributed bandits algorithms, e.g., FedUCB [8]
(which is equivalent to DisLinUCB [23] by letting the privacy
budget 1/ go to 0). We also evaluated the performance of
FedUCB under full communication. In all experiments, we
conducted 10 repeated trials and calculated the mean and
standard deviation.

A. Datasets and Tasks

MovieLens-100K [49]: This dataset contains movie ratings
from 943 users on 1682 movies. To handle data sparsity,
we use collaborative filtering to complete the rating matrix
and then employ non-negative matrix factorization [9] with
10 latent factors to get R = W H, where the user matrix
W e R943%10 3nd the movie matrix H € R10%1682 e sim-
ulate two ad allocation tasks. The first scenario involves rec-
ommending the proper ad for a specific group of users [50].
We regard each ad as an arm that corresponds to a certain
amount of revenue and deduction. The objective is to identify
the optimal ad for a specific group of users that maximizes
the reward within a range of advertiser budgets. We cluster
W’s columns into 20 user groups, select one as the target
group u, centroid with 6,,, and the corresponding cost vector
By is randomly generated. Ads (arms) are clustered from H'’s
rows into K = 10 groups. The second scenario involves
finding the proper targeted user for a specific category of
ads [51]. Each user is treated as an arm. We cluster H’s
rows into 20 ad groups, select one as the target ad a, and
assign its centroid to 6,, with a random f,. User arms are
then formed by clustering W’s rows into K = 10 groups. In
the above experiments, we set K = 20, d = 10, M = 10,
and T = 1000.

Human Activity Recognition (HAR) Dataset (AMU-
HAR) [52]: This dataset was collected using smartphone
sensors (accelerometer, magnetometer, and gyroscope). Each
of the 9 activity classes (e.g., running, cycling) contains
403,605 samples, with each sample represented by 12 sensor-
derived features. We simulate a crowdsourcing scenario [12],
where each activity is treated as an arm and each task
involves recognizing the corresponding activity. Assigning a
task incurs a cost, and the objective is to select the optimal
task (activity) for a group of workers to maximize reward
under a limited budget. We randomly generate a reward and
cost for each sample, and compute the average reward 6
and cost 3 for each arm. The class center is used as the
arm’s context vector for calculating the OPT solution. In our
experiments, we set K =9, d = 12, M = 10, and T" = 1000.
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In most practical tasks, K tends to be much larger than
d. This occurs because mobile computing scenarios typically
involve a vast number of arms (e.g., users, items, or tasks),
while feature dimensions are inherently limited or can be
effectively reduced via feature engineering.

B. Cumulative Regret Results under Limited Budget

In this subsection, we evaluate the cumulative regret
performance of different algorithms under the scenario of
limited budgets. We first illustrate why the cumulative regret
curve in FBwK deviates from that of traditional bandits.
A key distinction lies in the budget constraint: in FBwK,
once the budget is exhausted, the bandit algorithm stops
pulling arms, whereas the OPT continues to accrue rewards,
resulting in a steep regret increase. This behavior is typical
in BwK problems. Algorithms such as FedUCB (DisLinUCB)
and FedUCB-FullCom, which ignore budget constraints, tend
to pull arms with higher rewards early on. As a result, they
achieve low regret in the initial phase. However, once the
budget is depleted at time step 7, these algorithms terminate
prematurely, causing a sharp regret increase beyond 7.

1) Mobile Ad Recommendation: For the ad recommen-
dation task, as shown in Fig. 2, FedUCBwK consistently
achieves regret close to FedUCBwK-FullCom and signifi-
cantly outperforms other baseline methods. By selecting
arms with high reward and low cost, FedUCBwK avoids
early termination and maintains low cumulative regret. In
contrast, algorithms without budget awareness (e.g., FedUCB,
FedUCB-FullCom) tend to over-consume early and terminate
prematurely, leading to steep regret growth in later rounds.
As € increases (left to right in Fig. 2), FedUCBwK becomes
more conservative in estimating consumption, reducing the

risk of early budget exhaustion. However, overly large €
may overweight cost and cause suboptimal arm selection. We
find € = 0.1 achieves the best trade-off. Interestingly, regret
can be negative early on when FedUCB selects high-reward
arms not constrained by budget—exceeding the reward of
OPT—but this comes at the cost of exhausting the budget
early and suffering high regret later.

As for targeted user recommendation, we can find similar
results in Fig.3. FedUCBwK again balances reward and cost
effectively and achieves up to 89.17% regret reduction over
FedUCB with € = 0.1. Under both tasks, due to the limited
number of synchronization rounds, FedUCBwK-FewCom hin-
ders effective information aggregation and strategy updates,
leading to higher variance and larger regret. In addition, due
to inaccurate estimation, FedUCBwK-FewCom often requires
a larger € to control the budget. Typically, when ¢ = 0.2,
FedUCBwK-FewCom can manage the budget and avoid early
termination.

2) Mobile Crowd-sourcing: We present the experimental
results for mobile crowd-sourcing in Fig. 4. The overall
trends are consistent with the previous tasks. Methods in
the FedUCB series, which are unaware of budget constraints,
injtially achieve negative regret by aggressively selecting
high-reward arms. However, they rapidly exhaust the budget
and terminate early, leading to steep regret growth in later
stages. In contrast, the FedUCBwK variants allocate the
budget more conservatively, enabling sustained learning and
more stable performance. As shown in Fig. 4, setting e = 0.1
achieves the best balance. where FedUCBwK reduces regret
by up to 94.47% compared to FedUCB. When ¢ = 0, the
overly tight constraint leads to early termination, limiting the
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opportunity to identify better arms and resulting in higher
final regret.

C. Cumulative Regret Results under Abundant Budget

We further evaluate the cumulative regret under an abun-
dant budget setting (Even if the arm with the maximum
cost is selected in each round, the budget will not be
exhausted). In Fig. 5, the left subfigure corresponds to the
Mobile Ad Recommendation task, and the right to Mobile
Crowd-Sourcing. When the budget is sufficient, all methods
achieve comparable performance, and the main performance
differences arise from the frequency of communication and
synchronization. Among them, FedUCBwK-FullCom achieves
the lowest regret and variance due to frequent updates,
while FedUCBwK-FewCom exhibits the highest regret and
largest variance, owing to limited communication and slower
policy adaptation. Notably, the performance gap between
FedUCBwK-FewCom and other methods is more significant
in the crowd-sourcing task, where even fewer communication
rounds are performed, leading to less effective learning.

D. Computation and Communication Cost

We compare the communication time, computation time,
and synchronization count under different values of D, where
D = 0 corresponds to FedUCBwK-FullCom (i.e., computation
and communication at every round). As shown in Fig. 6,
compared to full communication, FedUCBwK achieves log-
arithmic communication and computation complexity. With
T = 1000 time steps, we find that by setting a reasonable
threshold (typically D = 3), FedUCBwK performs only
around 10 communication rounds. It is worth noting that
in real-world distributed systems, where communication la-
tency is typically higher than the single-machine distributed
communication in the experiment, the benefit of reduced
communication would be even more substantial.

VIII. CONCLUSION

In this work, we propose FedUCBwK, a practical and
communication-efficient framework for solving budget-
constrained federated bandits in mobile application scenarios.

Our approach enables M distributed clients to collaboratively
optimize arm selection under a constrained budget, while
preserving data privacy through model update exchanges. To
address the challenges of constrained resources and costly
synchronization, we introduce an epoch-based policy up-
date mechanism controlled by a unified threshold, which
significantly reduces communication and computation over-
head. In addition, a conservative budget adjustment factor
is incorporated to prevent premature budget exhaustion.
We provide rigorous theoretical guarantees showing that
FedUCBwWK achieves near-optimal regret with logarithmic
communication and computation complexity. Extensive ex-
periments on real-world datasets demonstrate the effective-
ness of FedUCBwWK in mobile settings, showing substantial
regret reduction compared to baseline methods, especially
under tight budget constraints.

APPENDIX

For the sake of completeness, we include the lemma from
the previous work that was utilized in our proof process.

Lemma 2. For any § > 0, with probability 1 — M, 0 always
lies in the constructed C, ,,, for all t and all m.

Lemma 3. Let {X;};2, be a sequence in R%,V isad x d
positive definite matrix and define V, =V + 2221 X, X,/
Then we have that

det (V;,) = 2
1 — ) < Xy -1 -
o8 < det(V) ) = thl 1%l
If | X¢|ly < L for all t, we have that

3 min {1, |\Xt||‘€,:1} < 2 (log det (V,,) — log det V)
t=1

< 2 (dlog ((trace(V)) + nL?) /d) —logdet V) .

Lemma 4. With probability 1 — MG, single step difference
diff, ., = (Ot.m — 0, x(ar,m)) is bounded by

[N

T LAt m -1
VL (@ m) v

t
< o) <\/@> ||a7(a/t,7n)||fowlL :

Lemma 5. (Azuma-Hoeffding inequality). If a supermartin-
gale (Yy;t >0), corresponding to filtration Fy, satisfies
|Y: — Y;—1| < ¢ for some constant ¢, for all t = 1,...,T,
then for any a > 0,

1
det (Vym)? s
diff,,, <2 [ | 21og (‘m) +A

a2

Pr(Yr—Yy >a) < e 2oFiF .

Lemma 6. Let A, B and C' be positive semi-definite matrices
such that A = B 4 C. Then, we have that

' Az _ det(A)
sup —= < :
z£0 €' Bx ~ det(B)
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